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Models for a nonlinear relationship

There are two options to model a nonlinear relationship between a response variable
y and predictor (vector) x :

1 The linear model

yi = β0 + β1f1(x i) + . . .+ βK fK (x i) + ei ,

where β1, . . . , βK are parameters to be estimated, f1(x i), . . . , fK (x i) are
nonlinear transformations of predictors x i , yi is the (possibly transformed)
response, and ei is residual error for sampling unit i .

Often fk ()’s are one-to-one nonlinear functions of a single component of x i , such as
logarithmic and power transformations or spline components1.
Term linear in the model refers to linearity in βk ’s, not in x i .
Can successfully model any nonlinear relationship between y and x through
transformations fk ().

2 The nonlinear model
yi = f (x i ;β) + ei ,

Where f () is a function of predictors and model parameters.

1Harrell F., 2001: Regression modeling strategies. Springer.
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Illustration
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Models for nonlinear relationship

Why nonlinear models?

No improvement to model fit is expected with nonlinear models compared to the linear
model. Why then to use a nonlinear model?

Building the model on the subject-matter theory on the process is elegant (recall
what Göran Ståhl said on Monday),

leads to parameters that are as such of interest and have interesting
interpretations, and

allows in-depth analyses on the effects of different predictors (e.g. treatments or
continuous predictors) on the parameters of the process.

The models are also more robust in extrapolation and

parameter-parsimonious.

Mehtätalo et al. Models for nonlinear natural processes



Models for nonlinear natural processes

Models for nonlinear relationship

Nonlinear mixed-effect model formulation

In a nonlinear fixed-effects model, one of the predictors (ti ) is often a primary
predictor of the process (e.g. time in a growth model, or photosynthetically active
radiation (PAR) in a model of net photosynthesis). The other secondary
predictors x i describe the variability in the primary parameters of the process.
This leads to model

yi = f (ti ;αi) + ei ,

where α = (α
(1)
i , . . . , α

(K )
i ) and α(k)

i = β′k x (k)
i for k = 1, . . . ,K .

The nonlinear mixed-effect model for a single level of grouping is defined as

yij = f (tij ;αij) + eij ,

where the linear sub-models of α(k)
ij include also random group effects:

α
(k)
ij = β′k x (k)

ij + b(k)
i
′z(k)

ij .

We assume bi = (b(1)
i
′, . . . , b(K )

i
′)′ ∼ N(0,D) and eij ∼ N(0, σ2

ij ) with an
appropriate variance function. Also spatial or temporal dependence of residual
errors can be modeled parametrically. The extension to multiple levels is
straightforward.
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Example 1: Peatland photosynthesis

The model for the process
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f (PAR;Pmax,R, α) = −R+
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where

PAR: photosynthetically active
radiation

Pmax : Maximum gross CO2

exchange
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α: PAR at the 50% of gross CO2

exchange

Pmax,R, α > 0
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Example 1: Peatland photosynthesis

Research question and data

The effect of some categorical predictors (treatments) on the parameter Pmax ,
R and α.

The nuisance caused by varying Leaf Area Index (LAI), air temperature, and soil
temperature on these parameters should also be taken into account (and this
was the most interesting part to me).

The data are collected using chamber
measurements. At a given time, the
net CO2 exchange has been
measured at 1-7 different levels of
PAR.

A total of 210 plots. Each plot is
monitored for two years, with 5-10
measurements per year.

LAI is also monitored by counting all
plants of the plot and measuring the
mean area of the leaves in
surrounding plants.

Photo: Juho Kettunen.
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Example 1: Peatland photosynthesis

The raw data
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Example 1: Peatland photosynthesis

The model

yij = −Rij +
Pmaxij × PARij

αij + PARij

where
log(Rij) = β′Rx (R)

ij
′ + b(R)

i

log(Pmaxij) = β′Px (P)
ij
′ + b(P)

i

log(αij) = µα + b(α)
i

We start with the model where the predictor vectors include treatments only.

Let us see whether the predicted random effects have trends with respect to the
plot-specific candidate predictors.
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Example 1: Peatland photosynthesis

The random effect on potential predictors + a lowess curve
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Mehtätalo et al. Models for nonlinear natural processes



Models for nonlinear natural processes

Example 1: Peatland photosynthesis

The random effects on potential predictors + a lowess curve
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Mehtätalo et al. Models for nonlinear natural processes



Models for nonlinear natural processes

Example 1: Peatland photosynthesis

The random effects on potential predictors + a lowess curve
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Models for nonlinear natural processes

Example 1: Peatland photosynthesis

The random effects on potential predictors + a lowess curve
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Example 1: Peatland photosynthesis

The final model
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Example 1: Peatland photosynthesis

The raw data and fitted values
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Models for nonlinear natural processes

Example 2: Modeling the thinning effects

Study material

Scots pine plots where one of the four following thinning treatments were applied
to each plot in 1986: Control, Light, Moderate and Heavy.

88 trees were felled in 2006, and the diameter increments between 1983 and
2006 was measured for each tree using an X-ray densiometer.

The diameter growths were transformed to basal area growths (assuming
circular boles), because Volume ∼ Diameter 2Height

Mehtätalo et al. Models for nonlinear natural processes
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Example 2: Modeling the thinning effects

Raw data and the estimated thinning effects in Ring Basal Area (RBA)

The raw data
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Thick lines: the treatment-specific trends. Thin lines: 12 randomly selected trees.
Treatments: Control, Light, Moderate, and Heavy.

2Extraction was based on a mixed-effect model with crossed random effects, see Mehtätalo et al. (2014) for details.
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Example 2: Modeling the thinning effects

Nonlinear mixed-effects model for thinning effect

Time since thinning, yr

A
nn

ua
l e

ffe
ct

 in
 tr

ee
 g

ro
w

th
, a

re
a 

/ y
r

M
ax

im
um

 th
in

ni
ng

 e
ffe

ct

Reaction time

Cumulative
thinning

effect at year t

t

The thinning effect of tree i at time j was
modeled using a logistic curve

dij =
Mi

1+exp
(

4−8
xij
Ri

) + eij where

dij - thinning effect

xij - time since thinning

Mi = µ0 + µ1T2 + µ2T3 + µ4xij + mk

- maximum thinning effect

T2, . . . , T3 - treatments

Ri = ρ0 + ρ1zi + ri - reaction time

zi - standardized diameter[
mi

ri

]
∼ N(0,D2x2)

eij - normal heteroscedastic residual
with AR(1) structure within a tree.

Mehtätalo et al. Models for nonlinear natural processes



Models for nonlinear natural processes

Example 2: Modeling the thinning effects

The fitted model

The reaction time was 6 years. It did not significantly vary among treatments but
was shorter for large trees.

The maximum thinning effect increased with thinning intensity, being 282 mm/yr
for treatment IV, which indicates a 87% increase in the basal area growth
compared to the control.

Fixed parameters Estimate s.e. p-value
µ0 112.8 23.29 0.0000
µ1 91.91 30.45 0.0026
µ2 169.2 32.14 0.0000
µ3 -3.214 1.006 0.0014
ρ0 5.749 0.4458 0.0000
ρ1 -1.461 0.4568 0.0014

Random parameters
var(rk ) 93.012

var(mk ) 2.0852
cor(rk ,mk ) 0.203
Residual

σ2 8.157*10-4
δ1 8.746*104
δ2 1.886
δ3 0.5888
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Conclusions

Conclusions

Nonlinear models are an elegant tool for processes where a theoretically justified
function for the process is nonlinear with respect to its parameters is.

The models are both process-based and statistical..
..and random effects make them a compromise between Bayesian and frequentists
models.

I especially like the formulation where the process is driven by a primary
predictor and the parameters of this process are linear combinations of other
predictors (recall also Sonja Vospernik’s talk on Tuesday evening)

If you want to play with CO2 data modeling, see data foto of R- package
lmfor.

Mehtätalo et al. Models for nonlinear natural processes



Models for nonlinear natural processes

Conclusions

Conclusions

Nonlinear models are an elegant tool for processes where a theoretically justified
function for the process is nonlinear with respect to its parameters is.

The models are both process-based and statistical..

..and random effects make them a compromise between Bayesian and frequentists
models.

I especially like the formulation where the process is driven by a primary
predictor and the parameters of this process are linear combinations of other
predictors (recall also Sonja Vospernik’s talk on Tuesday evening)

If you want to play with CO2 data modeling, see data foto of R- package
lmfor.

Mehtätalo et al. Models for nonlinear natural processes



Models for nonlinear natural processes

Conclusions

Conclusions

Nonlinear models are an elegant tool for processes where a theoretically justified
function for the process is nonlinear with respect to its parameters is.

The models are both process-based and statistical..
..and random effects make them a compromise between Bayesian and frequentists
models.

I especially like the formulation where the process is driven by a primary
predictor and the parameters of this process are linear combinations of other
predictors (recall also Sonja Vospernik’s talk on Tuesday evening)

If you want to play with CO2 data modeling, see data foto of R- package
lmfor.

Mehtätalo et al. Models for nonlinear natural processes



Models for nonlinear natural processes

Conclusions

Conclusions

Nonlinear models are an elegant tool for processes where a theoretically justified
function for the process is nonlinear with respect to its parameters is.

The models are both process-based and statistical..
..and random effects make them a compromise between Bayesian and frequentists
models.

I especially like the formulation where the process is driven by a primary
predictor and the parameters of this process are linear combinations of other
predictors (recall also Sonja Vospernik’s talk on Tuesday evening)

If you want to play with CO2 data modeling, see data foto of R- package
lmfor.

Mehtätalo et al. Models for nonlinear natural processes



Models for nonlinear natural processes

Conclusions
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Thank you for your interest!

lauri.mehtatalo@uef.fi
http://cs.uef.fi/ lamehtat/

https://www.researchgate.net/profile/Lauri_Mehtaetalo

Would like to see you in the International Biometric Conference, Barcelona, Spain in
July 2018, where I will organize an invited session “Modeling grouped environmental

data”
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