Analysis IV
Spring 2011
Exercises 12 / Answers

(1) Prove the second example on p. 30 of the lectures: If f, g € L?,
then fg € L' and

<f9 >=/fgdm

is an inner product.

X % ok

Definition. (abbreviated.) A function < ;- >: X x X — R
is an inner product, if the following four conditions hold for
xz,y € X:

(a) < z,x >> 0 (note: for < z,x >, not < z,y >!),

(

b)
(c) <axr+fy,z>=a<xz,z>+0<y,z>and
d)

(

In this particular case, we deal with a possible inner product
defined for functions f, g, h € L?, that is, are functions so that
J1f|*dm < oo and the same for g and h. Remember that (as
by Theorem 3.4) for L* we write f = g if f = g a.e.; we treat
two functions as the same if they are different only in a set of
zero measure.” Here the conditions take the following form

(a) [ ffdm= [|f]*dm >0 (clear because |f|> > 0)

(b) If [|fI?dm = 0, then |f|* = 0 a.e. and f = 0 a.e.; and in
L?, that means f = 0. If, on the other hand, f = 0, then clearly

< x,x >= 0 if and only if z = 0,

<z,y>=<y,T >

[ 7P dm =0,
(c) By the basic properties of the integral (see chapter 2 for the
theorems),

<ozf—|—ﬁg,h>:/(ozf+ﬁg)gdm

:oz/fhdm+ﬁ/ghdm
=a< fih>+08<g,h>.

'Why yes, this does mean that f = ¢ if f =0 and
0 z+#0
9(x) = {1 z =0.

This "makes sense” because the two functions have no difference that the integral
L? norm can "see”.



(d) Clearly

[ fodm= [ s m.

Finally, we have to show that "if f, g € L?, then fg € L'”. Thisis
pretty important, since if we don’t know that fg € L! we could
be dealing with a function < -,- > that is not well defined; an
infinity would not be difficult, but the integral being undefined
would be really, really bad. But we know that "if f,g € L2,
then fg € L', because this is just Holder’s inequality with

p=q=2

(2) Prove the third example on p. 30 of the lectures: If a = {a, },b =
{b,} € /%, then {a,b,} € ¢! and

(o, ¢]
<a,b>=) ayby
n=1
is an inner product.
X %k Xk

First, "if a = {a, },b = {b,} € £?, then {a,b,} € ¢*. This holds
by the same as in the previous problem: by Hoélder’s inequality,
though in this case for series.

Second, the four conditions of an inner product go as follows,
for a, b, c € (*

(a) 3227 a? > 0 because a2 > 0 for each n,

n=1"n n

(b) If 7 a2 = 0 then a? = 0 for each n because each a2 is
non-negative; and so a, = 0 for each n, that is,? {a,} = 0. If
{a,} =0, well, obviously Y >° a2 = 0.

(c) Now
< aa+ Bb,c >= Z(aan+ﬁbn)cn
n=1
< aZancn+ﬁancn:a<a,c> +0 < bc>.
n=1 n=1

It is convenient, though potentially confusing, that we can write {a,} = 0.
Remember that this means "the sequence of the numbers a,,, where n is the index,
is the same as the zero-of-¢2, that is, the sequence of zero, zero, zero, and so on”.
We don’t write {ay}52; because we hope the index is clear from the context, and
likewise don’t write {0}22; because we hope a reasonable reader would presume
that a sequence can only be equal to a sequence, so 0 must stand for the zero of
the space {a,} is in; which is, the zero of ¢?, which is the sequence of zeros. See
Exercises 9 for more /P funtime.

The same principle is at work when a mathematician write Y or > for > >° :
she is leaving things out because of laziness, and because she hopes the audience
will understand what is meant, and concentrate on the important bits instead of
notation details.
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Note that to separate the sums we need to know that ) a,c,
and Y b,c, are well defined; we know this because ac, bc € ¢*.

(d) Clearly

(o] o0
<a,b>= Zanbn = anan =<b,a > .
n=1 n=1

(3) Prove Lemma 5.6: Let X be an inner product space with inner
product < -, >. Then for all u,v,z,y € X,

(a) <utv,z+y > — <u—v,x—y >=2< u,y > +2 < v,x >,

(b) for complex X,

d<uy>=<utv,z+y>—-—<u—v,xr—y>
Fr<utw,r+iy>—1<u—iw,r—1y > .

X % %

(a) Brute calculation; here (c) and (d) stand for the third and
fourth properties of an inner product:
<ut+v,r+y>-—<u—v,r—y>

(:c)<u,x—|—y>+<v,x+y>—<u,x—y>+<v,x—y>

d
(:)<:U+y,u>—|—<x—|—y,v>—<a:—y,u>—|—<a:—y,v>

(:C)<:v,u>+<y,u>+<:x,v>+<y,v>

—<z,2u>+<yu>+<r,v>—<Yv>
=<y,u>+2<z,0>+ <y u>

d
(:)2<u,y>+2<v,:v>

(b) Let us take the four inner products on the right-hand side
and calculate them separately:

For the first part, we use (a) above:

<u+v,r+y>
=2<u,y>2<v,r>+<u—v,xr—y>.

We keep the second part as it is:
—<u—v,x—y>.
For the third, we use (a):

1 <u4w, Ty >
=2 <u,iy >+2 <w, x>+ <u—1w,Tr—1y >.

And we keep the fourth part as it is:

— < U=, T —1y > .



Adding these four together, this much remains:

2<u,y>+2<v, x>+ <u,y >+2 <w,x >

=2<uy>+2<u,c>+2< iy, u>—+2_i>

=1

<v,x >

=2<uy>+2 i <uy>

=—i2=1

=4 <u,y>.
Prove Theorem 5.7: Let X be an inner product space with inner
product < -, - > and induced norm || - ||. Then for all z,y € X,
(a) the parallelogram rule (suunnikassainto):

[+ ylI* + llz — ylI* = 2|z [1* + [[y]]*),

(b) for real X, 4 < z,y >= |z +y|* — ||z — y|%
(c) for complex X, the polarization identity:

d<z,y>=|z+y|*— |z -yl
+illz + iyl =il -yl

X %k >k

(a) Remember that ||z|| = /< z,2 >. Then
lz + yll* + [l= — yI*
=<zrt+yr+y>+<zr—y,r—YyY>,
and by Lemma 5.4 (c),
=<z, r>+<x,y>+<z,y>+<y,y>
+< T, > —<x,Yy>—<x,y>+<y,y>
=2<z,x>+2<y,y>
~2(]lall* + llg1).

(b) Here as in (a), except with < z,y >=<x,y >,
|z +ylP =<2,y >+2<z,y>+ <y,y>
and
lz -yl <z,2>-2<z,9y>+<y71y>,
and substracting the second from the first gives
lz+yll* =z —yl* =4 <a,y > .
(c) Here the difference is that the condition (d) for an inner

product is < z,y >= <y,x > and not < x,y >=< y,x >.
Thus

le+yllP=<z,2>+<z,y>+<y,x>+<yy>
and

le —ylP=<z,2>—-<z,y>—<yz>+<yy>,



SO
le+yllP—llz—yl|*=2<2,y>+2<y,x>. (1)

(Note that this is not the equality of (b), because for complex
inner products < x,y >#< y,z >.) Next, by Lemma 5.4 (c) we
have

|z +iy||* =< z + iy, x + iy >
=<z, x> <z,yY>+i<y,xr>—<yy>
and
|z —iy|)® =< z — iy, x — iy >
=<z, x>+ <zT,y>—-1<Yy,r>—<yYy>.
Thus
il|lz +iy||* —il|lz —iy||® = i(—2i < x,y > +2i < y,x >)
=2<uz,y>-2<y,x>,
and adding this to (1) gives
lz +yll* — llz — ylI* +illz + iyl* — il — iyl
=4d<zy>.
(5) Let 1 < p < ¢ < oo. Prove that 7 C ¢?. (Hint: start with those
x € (P for which ||z]|, = 1.)

X %k >k

Let us assume ||z||, = 1, that is,

o 1/p
(Z m\p) -1
n=1

Then 7 |z,|? = 1, and |z,|? < 1 for each n. (To assume
otherwise would be an instant contradiction.)

Because |z, [P < 1 for all n for some 1 < p < oo, then |z,| <1
for all n. By this,

|@n|? < |@nl?

for 1 < p < ¢ < oo and all n. Because x € P, we know that

[e.e] oo
DLl <D fwal? < oo,
n=1 n=1

SO

0o 1/q
<Z |xn|q> < o0,
n=1
that is, xz € (9.

Next, if z € ¢? and ||z||, = 0, then z = 0, and = € (9.



Now, if z € ¢’ and ||z|, # 0,1, we can take the sequence
y = x/||z|, € ¢¢, for which

- |z, =
1=, P

By the preceding, y € ¢9. Since x € *, we know 0 < ||z, < oo.

Thus
q> 1/q

(S) - (3
( ey Hp )W

s 1/q
= [|zll, (Z Iynlq> < o0,
n=1

and we have x € £7 as well.

1ylly =

, el Hp




