Analysis IV
Spring 2011
Exercises 13 / Answers

(1) Let the angle between z,y € ¢ be defined as

L (<zy>
0(x,y) = cos™* (—)
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with the standard inner product and norm of /2.

Let x = {1/2"}>°, and y = {C/3"}>2,, where C' € R. For
what value of C' does 0(x,y) = m/37 For which value of C' does
O(z,y) =7m/27
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For the /3 case, we need to solve
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we have ||z|| = 1/v/3 and ||ly|| = C/v/8. Thus, the equation (1)
becomes
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This is not soluble! since C' is eliminated and what remains is
not equal; thus the answer to both questions is "for no value of

C”.

(~ 0.98).

bsoluble” means “having a solution”, “being something that can be solved”. For

example, $2° — 223 + 222 = 0 no doubt is soluble for = € R, though I have no idea

what the solutlon mlght be.



For /2 the necessary equation would be 0 =< z,y > /(||z||||y]]),
so the answer remains the same. (If < z,y >= 0 then C = 0
then ||y|| = 0, and then a divide by zero error.)

What is the angle between 22 and z? Use the standard inner
product and norm of L3([0, 1]).
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By the same definition of an angle as above,
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so ||| =1/v/3, and
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so [|°] = 1/v/5, and
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O(x,x%) = cos ™} ———— =cos ! —
( ) 1/34/1/5 4

Thus

Let T : Cr([0,1]) — R be defined by

0= [ s

Show that T is continuous.
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By Lemma 6.1 (d), T is continuous if there is a £ > 0 so that
IT(f)|| <k for every f with || f]| < 1. Here || f|| <1 is

[ fllcaqoay = sup f(x) <1,
z€[0,1]
and if this condition holds, then
1 1
7 st womrs = | [ $Ga) | <1 [ ve] = 1.
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We choose k = 1, and Lemma 6.1 (d) holds.

Let h € L>=([0,1]). Show that T : L?([0, 1]) — L?([0, 1]),
T(f) =nhf,

1s continuous.
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Since h € L>([0, 1]), we know that esssupjy ;) h < oo, that is, we
know there is some M > 0 so that h(x) < M for all z € [0, 1]\ 4,
where m(A) = 0. Thus

IT()? = /[ KR

- / (hf)? dm
[0,1\A

< / (Mf)* dm
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= M? }dem = M| f]%,

[0,1
and T is continuous by Lemma 6.1 (e), k = M.
(5) Show that if (1, zo,...) € 2, then
(0,4$1,I2,4$3,I4,4$5,$6,..) c E?
Let T : /> — (2 be defined by
IYJH,$27..) ::(O,4$1,$2,4$3,I4,4$5,I6V..)

Show that T is continuous.

If(xl,xg,..) S €Q,then

D ak < oo
n=1
Now (0, 4wy, x9, 473,14, ...) € (2, because
0<0+ (4x)*+ 23+ (4w3)? + 23 + (das)* + 224 ...
< 0+ (421)” + (daz)” + (ds)” + (daa)” + (dos)” + (dae)” + ...

and - o
Z(4xn)2 = 1623:2 < 00.
n=1 n=1

Next, to show that 7' is continuous — well, the lines above show
that | T(z)||? < 16||z]]?, or

1T ()| < 4|,

and by Lemma 6.1 (e) we are done.

The second exam is from the beginning of Chapter 3 to Theorem 6.5, and the
exercises from the sixth problem of Exercises 7 to the last of Exercises 13.



