1 NORMALIZING THE LEAST-SQUARES SOLUTION OF
LINES

1.1 Description of the problem

Letaq, by, c1, ki, as, by, 2, ko, as, bs, c3, k3, be real numbers such that
a%—i—b?z@%—i—b%za%%—bg:l.

We calld,, d, andds the straight lines of equations

kQCZQl'l + k’zbgl’g = k’QCQ

kiaizr + kibizy = ki
k36L3.§L’1 + kgbgl’g = /{7303

They form a triangle of verticeS; = d, Nds, Sz = d3 Nd; andS; = d; N d,, see Figurg]|l. We

Figure 1. The triangle

define

- kicy kia; kiby
X = <3§'1>7 C = kQCQ s A= k’QCZQ k’QbQ
? kscs ksaz  k3bs

The matrix equatiomdx = C' has in general no solution. The least squares sol&iohthe
normal equation
AT Ax = ATc
is such that
F(x) = F(x1,23) = || Ax — ¢|* = (xT AT — ) (Ax — ¢

iS minimum forx = x

X = X.
We denote byi(x, L) the distance from the point to the line L. If one computed’(x) one
gets:
F(x) = ki (d(x, d1))" + k3 (d(x, d2))” + k3 (d(x, d3))°



| Casek1 == ]fz - k’g
The function to be minimized is
F(x) = (d(x,d1))* + (d(x, d))? + (d(x, d3))?

Letus calll; = 5555, [, = S35; andl; = 515, the lengths of the sides of the triangle defined
by the linesd,, d; andd;. The pointx such thatF'(x) is minimum forx = x is the barycenter
of Sy, Sy and.S; with masse$?, [ andi?:
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1.2 Questions

1. If the triangle defined by the lineg, d, andds is isosceles (let us say; S, = 51.53), on
what line do you expect to fing?

na

Answer: x is on the bisector of, andd;”.

2. If the triangle is equilateral where 3s?

na

Answer: "k is the (bary)center of the triangle”.

3. The distances af to the sides of the triangle are proportional to the lengths of the corre-
sponding sides to a certain power
d(x,d1) d(x,dy) d(x,d3)

oLl

What is the value of?

Note: If r = —1, the pointx would be the center of gravity; if = 0, the pointx would
be the center of the inner circle.

Answer: "The value i = 1".



4. If the triangle is rectangular, e.d, L d3, on what line do you finc (see Figuré[2?
Answer: "On the heigh®; H, whereH € S35 andS1H L S555".

Figure 2: Rectangular triangle

HE, HK,
S193 S35

since the triangles are similar

Il Case k1, ko k3 any real numbers

Does the trianglé; 5> 55 change if you change theg's ?

How doeskx move if you changé, keeping all other numbers fixed?
Where isx if the triangle is isosceledy(= [3) andky; = k3?

. Where isx if k; = 0?

aor W N R

. To a point of what side of the triangle doggend to, wherk; — oo, keeping all other
numbers fixed?

Is it possible to choosk, andks in such a way thak tends to the middle of one side?
Answer: "Yes,ky = 1/ly, ks = 1/13? I'm not sure (?7?).”

A 000
D=0 X 0
0 0 As

to compute the solution of the scaled least square equation

6. If you use a scaling matrix

ATDTDAx = ATD” D¢

How should you choos® to get the solutiox of the case 1?
Answer: "\; = 1/k;.”

Never forget: always scale before using least squares solution to avoid impact of the choice of
units.



1.3 A"geometric” construction of x in the case |

1. ConstructB; such thatB,C = CA andB,C 1. C' A andB; andB on the same side of
AC:

.'r‘a:ll '-._L

2 Construct the line through;, parallel toAC, call it e.

3 ConstructC’; such thatBC, = BA, BC, 1. BA, ¢, andC on the same side ofB.
4 Construct the ling through(C', parallel toAB.

5 Let O be the intersection afand f.

6 Join AO. The pointx has to be omO.

7 Do the same construction from the vert8xgetting BO'.

8 x is the intersection ofAO and BO'.



9 Verify with a constructiorC'O” through(C'.
The pointsC, x andO” should be on a straight line.
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