Answers to Exercise 11

I.
Proof . First we prove that cpo C [P C [*°. Recall the definition of [P, which is the
family of all sequences {x,} in R such that

1

(Z\xn\p);<oo, 1< p< oo,

n=1
and the space [* is the family of all sequences {z,} in R such that

sup |z,| < oo.
n

Choose an arbitrary sequence {z,} from the space ¢qo, we know there exists a Ny € N,
s.t. x, =0, for any n > Ny. Then,

00 1 N 1
(X)) = (X leal)” < o0,
n=1 n=1

which shows that {z,,} € [P. If we choose an arbitrary sequence {z] } from [?, according to
Holder inequality, for any n

e
[, [P <>l l” = [{an M < oo,
n=1

SO
sup |z, | < oo,
n

we get {2} € 1. Thus ¢y C P C .
Next we prove that ¢og C ¢ C ¢ C I*®. Let {z,} € cop, then there exists N € N, s.t.
x, =0, for all n > N, which implies lim z,, =0, so {x,} € ¢y. We can get ¢y C ¢ directly
n—oo

from the definition of the two spaces. Now let’s choose a sequence {y,} arbitrarily from
space ¢, we have lim y, =y € R, then for any 1 > ¢ > 0, there exists N € N, whenn > N
lyn —y| < e <1,

that is to say, for all n > N, |y,| < |y| + 1, and

sup |yn| = maX{|y1|7 |y2|7 e a|yN—1|’ |y| + 1} < 00,

{yn} € 1*°. Thus we have showed cgo C co C ¢ C I*.
IT.
Proof . It is easy to check that B is a vector space over R. For all f,g € B, and for all
a € R,
(@) [Iflls =1£(0)]+ sup (1 — |z[*)|f'(z)] =0,

z€[0,1]



(b) if[|]ls = £(0)]+ sup (1~[2[2)|"(x)| = 0, then [£(0)] = 0.and sup (1—[«[2)|f(x)] =

z€[0,1] z€[0,1]
0, which implies f(z) = C. for all € [0,1], and since f(0) = 0, we get f(z) =
f(0) =0, i.e. f is the zero function of space C’; if f = 0, it is obviously to see that
1f1ls = [ (0)] + Sl[lopu(l — |2z[*)1f'(z)| = 0,
xe|0,

laflls = lef(0)|+ sup (1— |z[*)[(af) (z)]

z€[0,1]

= |af(0)[+ sup (1—[a[*)]a]|f'(z)]

z€[0,1]

= |al[f(0)] + | Sét[tpu(l—le)lf’(x)l
= lal(l£(0)] + i%g](1—|$|2)\f’($)!)
= |adllfls

If+glls = |(f +9)(0)]+ zl[lopl](l — [2[)[(f + 9)'(2)]

= [f(0) +g(0)] + sup (1 - [2*)|f'(z) + ¢'(2)]

z€[0,1]

< £ +1g(0)] + sup (1 —[2[*)(|f' ()| + |g'()])

z€[0,1]

< |FO) +1g(O)] + sup (1= |z[*)|f'(z)| + sup (1 — |z[*)|g(z)]

z€[0,1] z€[0,1]

< (IfO]+ sup (1= [z[*)[f'(2)]) + (19(0)] +xsel[10pu(1 = [21*)lg'(2)])

z€[0,1]
= |flls+llgls-

B is a normed space indeed.

I11.

Proof . X\T' = {y € X : ||y|| > 1}, the metric in X\T" induced by the norm is defined
as:

d(y1,y2) = lly1 — 32l Yy, 52 € X\T.

Associated with this metric definition, we can get a topology of space X\T', where the
open set B(y,r) = {z € X : |[x — y|| < r}. For any point y € X\T, there exists a positive
number d, s.t. [Jy[| =1+d > 1. For any = € B(y, 2), since ||y|| — [lz]| < [z — y[| < £, we
obtain ||z > [jy[| -4 =14+d—-%=1+¢>1,s0x € X\T, which means X\T is open,
i.e. T is closed.

IV.

Proof . From the fact that Y is the subspace of X, we only need to show X C Y.
Since Y is a subspace, 0 € Y, and since Y is open, there exists r > 0 and B(ﬁ, r)={x €



X:|lz—0||lx <r}CY.Forany z € X, let n = Z - —2— it is easy to see that n € B(0,r),

2 l=llx

for |n —0l|x = ||Inllx = 5 - me = & < r. Thus we can get % n==x €Y, since Y
is a subspace, which means X C Y.
Vv

Proof . Prove that

n
<z,y>= Zl'jyj
j=1

is an inner product on R™. For all x,y,z € R" and all o, 3 € R,

(a) <@,z >= 3 xm; =y a7 >0,
j=1 j=1
(b) if <,z >= 3 2% =0, then z; = 0 for any j = 1,2,--- ,n, that is z = (0,0,--- ,0) =
j=1
0; if & = (21,29, ,2n) = (0,0,---,0) =0, < z,2 >= >oai =3 0"=0,
, o

Jj=1 J

(c) < ax+ By, z >= 3

n
J=1

n n
aY wizi+ Y Yz =a<zz>4+0 <y, z>,
Jj=1 Jj=1

(ax; + By;)z; = Zl(oél’jzj + By;z;) = Zlaszj + Zlﬁyjzj =
J]= J= J=

(d) < z,y >= lejyj = Zlyja:j =<y, T >.
Jj= Jj=

Thus < z,y >= ) z;y; is an inner product on R" indeed.
j=1



