
Answers to Exercise 12

I.

Proof . Check the < x, y >=
n∑

j=1

λjµ̄j with the definition 5.2 of inner product, for all

x, y, z ∈ X, and α, β ∈ C.

(a) < x, x >=
n∑

j=1

λjλ̄j =
n∑

j=1

|λj|2 ≥ 0,

(b) < x, x >= 0 ⇐⇒
n∑

j=1

|λj|2 = 0 ⇐⇒ |λj|2 = 0, ∀j = 1, · · · , n ⇐⇒ λj = 0, ∀j =

1, · · · , n ⇐⇒ x = 0,

(c) αx + βy = α
n∑

j=1

λjej + β
n∑

j=1

µjej =
n∑

j=1

(αλj + βµj)ej, and let z =
∑

vjej, then

< αx+βy, z >=
n∑

j=1

(αλj +βµj)v̄j = α
n∑

j=1

λj v̄j +β
n∑

j=1

µj v̄j = α < x, z > +β < y, z >,

(d) < x, y >=
n∑

j=1

λjµ̄j =
n∑

j=1

λ̄jµj =
n∑

j=1

λ̄jµj =
n∑

j=1

µjλ̄j = < y, x >.

Thus < x, y >=
n∑

j=1

λjµ̄j is an inner product indeed.

II.
Proof . If a = {an}, b = {bn} ∈ l2, then according to Hölder inequality, see (3.4) on

page 22,
∞∑

n=1

|anbn| ≤ (
∞∑

n=1

|an|2) 1
2 (

∞∑
n=1

|bn|2) 1
2 < ∞,

which showes that {anbn} ∈ l1. Next, let’s check that < a, b >=
∞∑

n=1

anbn is an inner

product on l2, for all a, b, c ∈ l2, and α, β ∈ R,

(a) < a, a >=
∞∑

n=1

a2
n ≥ 0,

(b) < a, a >=
∞∑

n=1

a2
n = 0 ⇐⇒ a2

n = 0, ∀n = 1, 2, · · · ⇐⇒ a = {0, 0, · · · }, the zero vector

in space l2,

(c) αa+βb = {αan +βbn}∞n=1, since we have proved that for any a = {an}, b = {bn} ∈ l2,

{anbn} ∈ l1, with this fact, we have < αa + βb, c >=
∞∑

n=1

(αan + βbn)cn =
∞∑

n=1

(αancn +

βbncn) =
∞∑

n=1

αancn +
∞∑

n=1

βbncn = α
∞∑

n=1

ancn + β
∞∑

n=1

bncn = α < a, c > +β < b, c >,
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(d) < a, b >=
∞∑

n=1

anbn =
∞∑

n=1

bnan =< b, a > .

So, < a, b >=
∞∑

n=1

anbn is an inner product on l2 indeed.

III.
Proof . For any (x1, y1), (x2, y2), (x3, y3) ∈ Z, and any α, β ∈ C,

(a) < (x, y), (x, y) >=< x, x >1 + < y, y >2≥ 0,

(b) < (x, y), (x, y) >=< x, x >1 + < y, y >2= 0 ⇐⇒< x, x >1= 0 and < y, y >2= 0 ⇐⇒
x = 0 and y = 0 ⇐⇒ (x, y) = (0, 0),

(c)

< α(x1, y1) + β(x2, y2), (x3, y3) >

= < (αx1, αy1) + (βx2, βy2), (x3, y3) >

= < (αx1 + βx2, αy1 + βy2), (x3, y3) >

= < αx1 + βx2, x3 >1 + < αy1 + βy2, y3 >2

= α < x1, x3 >1 +β < x2, x3 >1 +α < y1, y3 >2 +β < y2, y3 >2

= α(< x1, x3 >1 + < y1, y3 >2) + β(< x2, x3 >1 + < y2, y3 >2)

= α < (x1, y1), (x3, y3) > +β < (x2, y2), (x3, y3) >,

(d) Since real vector space is the special case of complex, here, we only need to think about
the complex case. < (x1, y1), (x2, y2) >=< x1, x2 >1 + < y1, y2 >2= < x2, x1 >1 +

< y2, y1 >2 = < (x2, y2), (x1, y1) >.

Thus < (x, y), (u, v) >=< x, u >1 + < y, v >2 is an inner product on Z.
IV.
Proof . Apply Lemma 5.4 (c),

(a)

< u + v, x + y > − < u− v, x− y >

= (< u, x > + < u, y > + < v, x > + < v, y >)

−(< u, x > +(−1) < u, y > +(−1) < v, x > +(−1)2 < v, y >)

= 2 < u, y > +2 < v, x >,

(b)

i < u + iv, x + iy > −i < u− iv, x− iy >

= i(< u, x > −i < u, y > +i < v, x > +i(−i) < v, y >)

−i(< u, x > +i < u, y > −i < v, x > +(−i)i < v, y >)

= i < u, x > + < u, y > − < v, x > +i < v, y >

−i < u, x > + < u, y > − < v, x > −i < v, y >

= 2 < u, y > −2 < v, x > .
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So < u + v, x + y > − < u− v, x− y > +i < u + iv, x + iy > −i < u− iv, x− iy >=
2 < u, y > +2 < v, x > +2 < u, y > −2 < v, x >= 4 < u, y > .

V.
Proof . In the inner product space X, for all x, y ∈ X,

(a) Apply Lemma 5.4 (c),

‖x + y‖2 + ‖x− y‖2

= < x + y, x + y > + < x− y, x− y >= (< x, x > + < x, y > + < y, x > + < y, y >)

+(< x, x > − < x, y > − < y, x > + < y, y >)

= 2 < x, x > +2 < y, y >= 2(‖x‖2 + ‖y‖2),

(b) for real X,

‖x + y‖2 − ‖x− y‖2 = (< x, x > +2 < x, y > + < y, y >)

−(< x, x > −2 < x, y > + < y, y >) = 4 < x, y >,

(c) for complex X,

‖x + y‖2 − ‖x− y‖2 = (< x, x > + < x, y > + < y, x > + < y, y >)

−(< x, x > − < x, y > − < y, x > + < y, y >) = 2 < x, y > +2 < y, x >,

and

i‖x + iy‖2 − i‖x− iy‖2

= i(< x + iy, x + iy >)− i(< x− iy, x− iy >)

= i(< x, x > −i < x, y > +i < y, x > + < y, y >)

−i(< x, x > +i < x, y > −i < y, x > + < y, y >)

= i < x, x > + < x, y > − < y, x > +i < y, y >

−i < x, x > + < x, y > − < y, x > −i < y, y >

= 2 < x, y > −2 < y, x >,

so

‖x + y‖2 − ‖x− y‖2 + i‖x + iy‖2 − i‖x− iy‖2

= 2 < x, y > +2 < y, x > +2 < x, y > −2 < y, x >= 4 < x, y > .
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