Answers to Exercise 12

L.
Proof . Check the < z,y >= > A\;fi; with the definition 5.2 of inner product, for all
j=1

x,y,z € X, and o, 3 € C.

(a) <z,z>= 3% M = 21 N2 >0,
- iz

7j=1

b) < z,x >= 0 < AP =0<= [NM?=0,Vj=1,--- ,n<= )\ =0,V =
j Y j
j:l
1,--- n<=x=0,

(€) aw+ By = a2, Ajej + B pje = L(ads + Bpgles, and let 2 = 5 vje;, then
J= J=

J=1

<ar+Py,z>= ) (a\+Pu)v; =a Y N +8> vy =a<z,z2>+<y,z>,
j=1 j=1 j=1

(d) <x,y>= zjl)\Jﬂ] = ZIS\JIMJ = zjlj\J,u] = lel,jj\j =<Y,T >.
J= J= J= J=

n
Thus < z,y >= ) A\;fi; is an inner product indeed.
j=1

1I1.
Proof . If a = {a,},b = {b,} € [?, then according to Holder inequality, see (3.4) on

page 22,
1 1
> anbal < O lan?)2 (> [bal?)? < o0,
n=1 n=1 n=1

which showes that {a,b,} € ['. Next, let’s check that < a,b >= >_ a,b, is an inner

n=1

product on /2, for all a,b,c € [?, and «, 3 € R,

oo
(a) <a,a>= > a2 >0,

n=1

(b) <a,a>= > a2 =0<=a2=0,Vn=1,2,--- < a=1{0,0,---}, the zero vector
n=1
in space (2,
(c) aa+ Bb={aa, + Bb,}>°,, since we have proved that for any a = {a,},b = {b,} € I?,

{a,b,} € 1!, with this fact, we have < aa + 8b,c >= Y (aa, + b,)c, = > (qanc, +
n=1

n=1

Bbncn) = > aanc, + Y Bbpcn =a Y ancy + 3. bpey =a < a,c >+ < b, c >,
n=1 n=1 n=1 n=1



(d) <a,b>= > ayb, = > bpa, =< b,a > .
n=1 n=1
So, < a,b >= " a,b, is an inner product on I? indeed.
n=1
I11.
Proof . For any (z1,1), (2,92), (¥3,y3) € Z, and any «, 8 € C,
(a) < (2,9), (2,9) >=< 2,2 > + <y,y >>0,

(b) < (x,y), (z,y) >=<z,2 > + < y,y >=0<=<z,2>=0and < y,y >=0<=
r=0and y=0<= (z,y) = (0,0),

(c)

< afzr,y1) + B, y2), (23, y3) >
= < (axy,ayr) + (Bry, Bya), (73, y3) >
= < (axy + Bxo, ay1 + By2), (v3,y3) >
= < axy+ Pro, 3 >1 + < ayy + By, Y3 >o

a < x1,73>1 +0 < T9,73 >1 +a < y1,y3 >2 +0 < Y2, Y3 >
= a(<x1,m3 >1 + <y1,ys >2) + B(< @2, 23 >1 + < Y2, Y3 >2)
= a < (v1,y1),(T3,y3) > +6 < (72,92), (¥3,¥3) >,

(d) Since real vector space is the special case of complex, here, we only need to think about
the complex case. < (z1,91),(Z2,y2) >=< x1,T2 >1 + < Y1,y >o= < Tg, 21 >; +

<2, Y1 >o = < (T2,92), (T1,91) >.

Thus < (x,y), (u,v) >=< z,u > + < y,v >5 is an inner product on Z.
IV.
Proof . Apply Lemma 5.4 (c),

(a)
<u+tv,r+y>—<u—0v,r—Y>
= (Ku,z>+<uy>+<v,x>+<v,y>)
—(<u,z>+(=1) <uy > +(=1) <v,x > +(=1)* < v,y >)
= 2<u,y>+2<v,x>,

t<utw,r iy >—1<u—iv,T—1y >
= i(<u,x>—i<u,y>+i<v,z>+i(—i) <v,y>)
—i(<u,x>+i <u,y>—i<v,x>+(—i)i <v,y>)
= i<u, x>+ <uy>—<v,xr>+i<v,y>
- <u,x>+<uy>—<v,r>—1<v,y>
= 2<u,y>-—-2<v,r>.



So<u4v,x+y>—<u—v,x—y>+i<ut+w,r+iy>—1<u—1i,xr—1iy >=
2<u,y>+2<v,z>+2<u,y>-2<v,x>=4<uy>.

V.
Proof . In the inner product space X, for all z,y € X,

(a) Apply Lemma 5.4 (c),

lz +ylI* + [l — y|*

= <zHyrty>+<zr—yr—y>=(Kz,r>+<z,y>+<y, x>+ <yy>)
H<war>—<zy>—<y,x>+ <y y>)

= 2<z,2>+2<yy>=2(lz|* + [[y[*),

(b) for real X,

lz +yl? = llz —yl* = (< 2,2 > +2 <@,y > + <y,y >)
—(<xx>=2<z,y>+<y,y>) =4<xzy>,

(c) for complex X,

lz+yll* =z —yl? = (< w2 >+ <2,y >+ <y,x>+ <y,y >)
—(<zrjr>—<z,y>—<yr>+<yy>)=2<z,y>+2<y,x>,

and

il +ayl)* = illz — ayl|*

i(<z+iy,z+iy >) —i(< x —iy,x — iy >)

i(<z,x>—-i<zy>+i<y,z>+<yy>)

—i(<z,e>+i<zy>—i<yxr>+<yy>)
= i<, r>+<x,y>—<y x>+ <y, y>

- <z, x>+ <x,yY>—<y,x>—1<Yyy>
= 2<x,y>—-2<y, T >,

SO

o+ yll* = llz = ylI* +illz + iyl|* — il —ay|?
= 2<z,y>R2<y,r>F2<x,y> 2<yr>=4<x,y>.



