Answers to Exercise 9

I.
Proof . Let {{xnk}} C ™ be a Cauchy sequence, which means Ve > 0, for convenience,
we let € < 1, there exists N € N, for any n,m > N,

dloo({ZL‘mk}, {l’m7k}) < €.

Then we have
|Zn e — Tomge| < Sl;p | T g — Tomge| = diee ({Tn i}, {Tmi}) < e.

Since R is complete, for any k, there must exist xy s.t.

lim z,, = x.

n—oo

Thus we can get a sequence {zy}52;.
For |z, — xmi| < €, we let m — oo, then

|Tp — k] < e, Vk € Nyand n > N,
thus for all n > N,

dio({xn i}, {2 }) = s%p |Tp e — k] <e <1

Next we prove that {z;}32, € [*°.
SUp |lze| = Sup |2p — g+ ang| < Sgp(|$k — k| + [znk])
< sgp |z, — Nk +Sl}1p|IN7k| <1+ ||lenkllie < oo.
So {1} € [*°, which means Cauchy sequence {z, x} converges to a sequence in [*° in the
metric djeo.

1I1.
Proof .

a) For any ¢ > 0, we choose N = [¢72] + 1, when n > N,

1
NSy

1
| fu(z) = 0] < 3 < =¢.

{fn(x)} converges pointwise to zero.
b) For any n € N, we choose ¢ = # > 0, and choose 6 =1 > 0,
1
m({al|£a(x) 01 > 5 5}) = mi[=n, ) = 20 > 1

So {f.} does not converge in the measure m.



o) = ( [1rapam) = ([ xamim)’ = Lnon ) = 2

= 2%71%7 — 0 when 1 < p < 0.

{fn} converges with respect to dp,-metric when 1 < p < 0.

I11.

Proof . Y(z1,11) € Z, (23,y2) € Z, and «a € F, we define (21, 1) + (z2,92) = (z1 +
T2, Y1 + o), and a(z,y) = (ax, ay).
First to show that Z = X x Y is a vector space.

(a) v('xuyl) € Z7 1= 172737

(21, 91) + (T2, 42) = (w1 + 22,91 +32) = (T2 + 21,92 +y1) = (22, 92) + (21, 91),

and

(z1,91) + ((x2,y2) + (963,@3)) = (z1,y1) + (22 + 23,92 + y3) = (21 + T2 + T3, Y1 + Y2 + Y3)
= (v1+z2,01 +12) + (T3,93) = ((iﬂlayl) + ($2,y2)) + (23, y3).

(b) 6: (6X76Y) € Za s.t. V(flf,y) € Z7 (6X76Y) + (l‘7y) - ((GX +I’,6y +y) = (xay)

(c) Y(z,y) € Z, there exists unique (—z, —y) € Z, where —z is the inverse vector of z in
space X, x+ (—z) = Oy, and —y is the inverse vector of y in space Y, y+ (—y) = Oy
Then (I,y) + (—1’7 _y) = (ZL‘ + (—J]),y + (_y)) = (OXon) = 0.

(d) L e F’ 1- ($7y) = (1 . 1L'71 : y) = (ZE,y), Voz,ﬁ € F, O‘(ﬁ(l‘wy)) = a(ﬁx,ﬁy) =
(afz, aby) = (af)(z,y).

(e)
04((951791) + (952,92)) = a(z1 + 22, Y1 + y2) = (ax1 + @z, QY1 + ays)

= (azy,a1) + (axs, ays)

= a(x1,y1) + oz, y2),

and
(a+0)(z,y) = ((a+ Bz, (a+P)y) = (ax + bz, oy + By)
= (ax,ay)+ (B, By) = oz, y) + B(x,y).

So Z = X x Y is a vector space indeed.

To prove that Z = X X Y is a normed space with the norm defined as this: V(z,y) €
Z=XxY, xe X, yeV, thenorm |(z,y)] = ||z|li + ||yll2-

(a) Since || ||y and || - ||2 are the norms of X, Y respectively, ||(z,y)|| = ||z]|1 + |ly|l2 > 0.



(b) If some vector (z,y) € Z, s.t. |[(x,y)]| = 0, from the definition, ||(x,y)| = ||z|: +
lyll2 = 0, it must be ||z||; = 0 and ||y|| = 0, which mean = = Ox, and y = Oy, that
is (x,y) = (Ox,0y) = 0 be the zero vector of Z. On the other side, for zero vector
(Ox,0y) € Z, | (Ox, 0y)|| = [0x [ + |0y [|l2 = 0+ 0 = 0.

(c) For any a € F, and any (x,y) € Z, |la(z,y)| = [[(az, ay)|| = [lez|s + oyl =
izl + ledllylla = lef (=l + lyll2) = el Gz, )1l

(d) For any (z,y) € Z, (2,y) € Z,

Iz, y) + (& )l = e+ y+y)l = llz+ 2"+ ly + 2
< (el + l12l) + Ulyllz + 19112)

(el + Mlyll2) + (="l + [[y'1]2)

1z, )l + 1", ).

IV.
Proof . The norm in space Cg([0, 1]) is defined as:

1fIF'= sup{|f (=)[ |+ € [0, 1]},

For function f,(x) = 2™, || fu(x)] = sup{|z"| |z € [0,1]} = 1.
The norm in space L*([0, 1]) is defined as:

= dm.
”pr /0 |f|
So

1
1
fulx :/ fulx dm:/ x”dm:/ 2"dr = )
[ fn(@)] [071]\ ()] o i i



