
Answers to Exercise 1

I.
Proof. Since {x1, · · · , xn} be a linearly independent set of vectors in the space Rn,

it must be the maximum independent vector group. So for any x ∈ Rn, {x, x1, · · · , xn}
will be the dependent set of vectors, and any vector of this set can be represented by the
others, so there are λ1, · · · , λn ∈ R, such that x = λ1x1 + · · · + λnxn. If there also exist
λ′1, · · ·λ′n ∈ R, such that x = λ′nx1 + · · ·λ′nxn, we have

λ1x1 + · · ·+ λnxn = λ′nx1 + · · ·λ′nxn ,

that is (λ1 − λ′1)x1 + · · · + (λn − λ′n)xn = 0. Since x1, · · · , xn are independent, we obtain
λ1 = λ′1, · · · , λn = λ′n. So, every x ∈ Rn has at most one representation of the form
x = λ1x1 + · · ·+ λnxn.

II.
{That is to show {e1, · · · , en} is the maximum independent vector group}.
Proof. ei = {0, · · · , 1, · · · , 0}, it is easy to see that e1, · · · , en is independent. For any

ā ∈ Rn, ā = {a1, · · · , an} = a1e1+· · ·+anen, so there exist a set of number 1,−a1, · · · ,−an,
such that the linear assembler of ā, e1, · · · , en equals to zero, it means ā, e1, · · · , en is linear
dependent, from the arbitrariness of ā, we know {e1, · · · , en} is the maximum independent
group of Rn, so {e1, · · · , en} is not a strict subset of any linearly independent set of Rn.

III.{
Definition of vector space: V × V −→ V, F × F −→ V . For any α, β ∈ F , and

x, y, z ∈ V

1. x + y = y + x, x + (y + z) = (x + y) + z;

2. ∃0̄ ∈ V , such that 0̄ + x = x + 0̄ = x;

3. for any x ∈ V, ∃ − x ∈ V , such that x + (−x) = 0̄;

4. 1 · x = x, α(βx) = (αβ)x;

5. α(x + y) = αx + αy, (α + β)x = αx + βx.

Definition 1.5 V : F -vector space, f : S −→ V, f, g ∈ F (S, V ), and f + g ∈ F (S, V ), αf ∈
F (S, V ), (f + g)(x) = f(x) + g(x), (αf)(x) = αf(x), for any x ∈ S.

}

Proof. For any f, g, h ∈ F (S, V ) and α, β ∈ F, x ∈ S.

1. (f + g)(x) = f(x) + g(x) = g(x) + f(x) = (g + f)(x) ∈ V , that is f + g = g + f ;
[f + (g + h)](x) = f(x) + (g + h)(x) = f(x) + g(x) + h(x) = (f + g)(x) + h(x) =
[(f + g) + h](x), that is f + (g + h) = (f + g) + h;

2. ∃0̄ ∈ F (S, V ), (f + 0̄)(x) = f(x) + 0̄(x) = f(x) + 0 = 0 + f(x) = 0̄ + f(x) =
(0̄ + f)(x), 0̄(x) = 0 ∈ V , for x ∈ S ;

3. for any f ∈ F (S, V ),−1 ·f = −f ∈ F (S, V ), and [f +(−f)](x) = f(x)+(−f)(x) = 0,
that is f + (−f) = 0̄;
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4. 1 ∈ F, (1 ·f)(x) = 1 ·f(x) = f(x), so 1 ·f = f ; α(βf)(x) = α ·βf(x) = (αβ)f(x) ∈ V ,
so α(βf) = (αβ)f ;

5. α(f + g)(x) = α(f(x) + g(x)) = αf(x) + αg(x) = (αf + αg)(x) ∈ V , so α(f + g) =
αf +αg; (α+β) ·f(x) = αf(x)+βf(x) = (αf +βf)(x) ∈ V , so (α+β) ·f = αf +βf .

Thus F (S, V ) is F -vector space.
IV.
Proof. {V : F -vector space, U ⊂ V, V, U linear.} xi ∈ U, ai ∈ F , so aixi ∈ U, i =

1, · · · , p. Because U is a linear subspace, a1x1 + a2x2 ∈ U , so if a1x1 + a2x2 + · · ·+ akxk ∈
U, 1 < k < p, then a1x1+a2x2+· · ·+akxk+ak+1xk+1 = (a1x1+a2x2+· · ·+akxk)+ak+1xk+1 ∈
U , so a1x1 + · · ·+ apxp ∈ U .

V.
Proof. ⇐ is obvious.
⇒ If U1 ⊂ U2 and U2 ⊂ U1, there exists at least one element x ∈ U1, but x ∈ U2, and

at least one y ∈ U2, but y ∈ U1. Since U1 ∪ U2 is the subspace of V, x + y ∈ U1 ∪ U2, then
x + y ∈ U1 or x + y ∈ U2. If x + y ∈ U1, then x + y + (−x) = y ∈ U1, since −x ∈ U1, which
produces a contradiction. It is the same to U2. So the assumption is wrong.

VI.{
Linear subspace: V : F -vector space, U ⊂ V . If for any x, y ∈ U, α, β ∈ F ⇒

αx + βy ∈ U
}

.

Proof. Since Ui is the linear subspace of V, 0̄ ∈ Ui for any i, U =
⋂
i∈I

Ui 6= Ø, and it is

obvious that U ⊂ V . For any x, y ∈ U =
⋂
i∈I

Ui and α, β ∈ F , x, y ∈ Ui, for all i ∈ I, then

αx + βy ∈ Ui for all i ∈ I, so αx + βy ∈ ⋂
i∈I

Ui = U , so U is also a linear subspace of V .
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