Answers to Exercise 2

I

Proof . For any a, 8 € C, and any z,y,z € I,z = {xy, 20, },y = {1,902, }, 2

{z1, 29, -+ }, we have the followings:

Laty={z1+y,v2+yo, -} ={y+o1,92 +22,--- } =y +z; and

T+ (y+2)

)]

2
3. —1.-2 =
<—$2),"' :{0,0’...}:();

4. 1 -x = {1.1'171.1'27...} = {x17x27...}

Oé'ﬂ{xhxza"'} = afz;

a(r +y)

and

So ! is a vector space.

—x = {11, —Tg, -

{20, -} H{yn + 21,020+ 22, -+ }
i+ +2), 22+ (2 +22), - }
{t1+y+ 21,20+ Y2+ 22, }
{1 +y1) + 21, (22 +32) + 20, }
vty 2 +y2, -} +{21,22, -}
(x4+y)+=z

{0,0,---} €', such that 2 + 0= {z; + 0,25+ 0,--- } = {x1, 29, } = x;

-} € ', such that x + (—z) = {1 + (—z1), 22 +

= z; and a(Bz) = a{Bry, By, -} =

afxy +yi,x2+y2, -+ }
{a(rr + 1),z +42), -+ }
{oxy + awe, -} + {ays +ayo, -+ }

afry, wg, - F 4+ oy, vz, }
ar + oy

(o + B){z1, 29, }

{(a+ B)zy, (a+ B)zg, -+ }

{ax + By, axe + Bag, -+ }
{axy, axq, -} +{Pxy, Brg, -+ }
ax + Px.

Besides, since [! is the set of such infinite sequences {xy, s, -}, z, € C, the basis of [*

is {e;}2,, where e; = {0,--- | 1;,--

-}, it means any finite set {e;}¥_, is linearly independent

for any k € N, so dim ! > k, for any k € N, then we get dim /! = oo. Thus [! is an infinite

dimensional vector space.



1I1.
Proof. When k = 1, (|a1||b1])? < |a1|?|01|%; If, when k = m, the inequality

(i) = ()

holds for 1 < m < k, then, when k =m + 1,

m—+1 9 m 9
(D tailivsl) = (D lasllbsl + lamsallbmea])
j=1 =1
m 2 m
= (X lasllbl) + 2lamallbmsr] 3 lallbgl + lam 1o
j=1 j=1
< (D1al) (D2 1038 + 2lamallbmsal 3 laslibsl + L1 Flbmal
j=1 j=1 j=1
Since . . .
> aglbgl < lag) Y bl
j=1 j=1 j=1
and since
m m 2
0 < (Ibmral D laj] = lamal Y I65])
j=1 j=1
= (bt (X lsl) = 2lamialloral o lasl 3 bl + lama (D 155])
J=1 j=1 j=1 j=1
< ol Y a5l = 2ami o] D Jag] Do 1551+ lamer2 3 6512,
J=1 Jj=1 j=1 j=1
we get

m m m m
2lam 1l lbmsr] D a1 Y 10| < lamaa* D 10517 + [bmsa* D las]*.
Jj=1 Jj=1 j=1 j=1

So

m+1

= (D10l + lamsa ) (30 03 + o)
Jj=1 j

Jj=1
m—+1 m+1

- (;w)(;wy

2 m m m m
(S lasliesl) < (D 1asl) (D 105) + lameal D105 + a2 D a5 + lm 1 Pl
j=1 J=1 J=1 J=1 J=1



where a;,0; € C,5=1,--- k.
By induction, we obtain the Schwarz inequality:

(i\ajubjrf < (iyaﬂz)(i‘bﬂ

I11.

Proof. {z,} is a convergent sequence in a metric space (M, d) and there exists a unique
x € M, such that lim z, = x.

To show (b): If {z,, }?2, C {x,}, we want to show that z,, — =.
Since lim z, = x, for any € > 0, there exist a N. € N, when n > N, d(z,,x) < €.

n—oo

In case of the subsequence {x,, }?°,, for the above ¢ and the N., when nj > N., we will
also have d(z,,,r) <¢,so lim z,, ==.
nk

To show (c): For any € > 0, there exist N, € N, when n > N, d(z,,z) <
all m,n > N,

Then for

£
5.
e €
AT, Ty) < AT, x) + d(zp, 7) < 5 + 3 =€

so {z,} is a Cauchy sequence.

IV.

Proof. (i). {f continuous on M (means f is continuous at each point of M ) = V open
set AC N, f~Y(A) C M is open. }

Vo € f71(A), there exists a y € A, s.t. f(x) = y. Since A is an open set, there exists
a o s.t. By(y,e0) C A. Since f is continuous, from the definition of continuity, we know
that for the above gy > 0, there exists a 6 > 0, s.t. f(Bu(z,0)) C By(y,e0) C A, that is
Bu(z,0) C f71(A), it means that f~*(A) is open.

<: On the contrary, if f is not continuous on M, according to the definition there exists

at least one point x € M, s.t. f is not continuous at x, it means there exists a ¢y > 0,
s.t. for any § > 0, f(Bu(x,d)) is not the subset of By(f(x),e0). We know By(f(x),¢0)

is an open set of N, and it is obvious that z € f~!'(Bn(f(x),&)), but, there is no
0 > 0, satisfies f(By(x,d)) C By(f(x),e0), which means no ¢ > 0, such that By, (x,d) C
! <BN(f(x),5)>, it is a contradictory to the condition that f~! (BN(f(x),50)> is open

set. So f must be continuous.
(ii). { f is continuous = for any closed set - - -}
For any z € M\ f7'(A), f(z) ¢ A, f(x) € N\A. Since A is closed, N\ A is open, then

there exists a € > 0, s.t. By(f(z),e) C N\A, it is obvious that z € f~! (BN(f(x),6)>.

From the continuity of f, we know, for the above e, there exists a 6 > 0, such that
f(Bu(z,9)) € By(f(x),e), with this, we get f(z') € N\A, for any ' € By(z,0), thus
' € M\ f~Y(A),that is By(z,0) C M\ f~(A). From the arbitrariness of z, we obtain that
M\ f~*(A) is open, that is f~(A) is closed.

<: We can use the same method as in (i), but now we can also employ the conclusion
of (i), for it has been proved. Since A C N is closed, N\ A is open, and f~!(A) C M is
closed, M\ f1(A) = f~1(N\A) is open, then according to (i), we immediately get f is
continuous.



V.
Proof.{d : I' x I' — R, for any z = {x,} € I',y = {y.} € ", d{x.},{yn}) =

[e.e]
> |zn — ynl, to show that d is a metric. }
n=1

o0

Lod(z,y) = d({zn}, {yn}) = 2. |20 = yn| = 0;

n=1

2. d(x,y) = > |tn —ynl = 0 = z, = yp,n = 1,2,---, then {z,} = {y,}, that is

n=1

r =vy; and if x = y, that is {z,} = {yn}, 20 = yn,n € N, d(z,y) = > |20 — yn| =
n=1

> v — | =0;
n=1
3. d(z,y) = Zl [Zn — Yn| = 21 [Yn — 2| = d({yn}, {70 }) = d(y, );

4. d(ZE,Z) = d({xn}7{zn}) = 21 |$n_zn| < Zl |xn_yn+yn_zn| < 21(|xn_yn|+|yn_
Zn|) = 21 ‘xn - yn’ + Zl ‘?Jn - an =d(z,y) + d(ya Z)>

so, d is a metric.
VI.

Proof. First to show that the closure is closed. From the definition of closure,
E = EUE' = FU/{all the accumulate points of E},

accumulate points a of E refers to such kind of points, which satisfy {B(a,r)\a} (N E # 0,
for any r > 0. We consider the complement of E, denoted by E~, for any point = € E~,
there must exist 6 > 0, s.t. B(x,8) N E = ), otherwise, if there exists no such §, then
x € F', that means B(x,8) N E # (), for any § > 0, it means there exists z # y € E,y €
B(z,0), then denote r; = d(x,y), and ro = d(y, B(z,d)), choose rs = min{ry,r}, we get
B(y,rs) C B(x,0), since y € E, there must exist point z € E, s.t. 2 € B(y,r;) C B(x,0),
which is impossible since x ¢ E. So from the arbitrariness of x, we know that £~ is open,
then E is closed. That is £ € {F|E C F, F is closed}, then we obtain (| F C E.

_ ECF
On the other side, for any x € E, x € E, or z is the accumulate point of E, if x € FE,
then z € F, forany F' D E,sox € () F; if z is the accumulate point of E, we also know
ECF
x € I, since F is closed, and E' C F, the accumulate point of the subset of F' must belong
to F, for any closed F D E,sox € (| F. Thus E C (] F. We finish the proof.

ECF ECF



