Answers to Exercise 3

I

Proof . Step 1: to show {z : d(z,E) =0} C E. Vo € {z : d(x,E) = 0},d(x,E) =
ing(:c,y) = 0. If x € E, it is obvious that d(z, E) = 0; if + ¢ F, we assert that z must
ye

be a cluster point of F, if not, there exists 6 > 0, such that By(x,0) N E = (), then
d(x,E) > 6 > 0, which is contradictory to the given condition, so  must be a cluster of
E.

Step 2: to show £ C {z : d(x,FE) = 0}. * € E,x € E, or x is the cluster of point
E,if z € E,d(z,E) = 0; if x is the cluster point of E, then for any ¢ > 0, there exists
y € B, s.t. y € By(z,e), that is d(x,y) < e, for any € > 0, so d(z, E) = in}fE d(xz,y) =0,

ye

zr € {x:d(z,E) =0} B

Thus {z : d(z,E) =0} = E.

II1.

Proof . {z,}32, be a Cauchy sequence in (M,d). Let € = 1 > 0, there exists N* € N,
st. Ym,n > N* d(xy,,x,) < 1, so0 if k > N*, d(zg, 1) < d(zg, xn+) + d(xy, 1) < 1+
d(xy+,x1); if K < N*, denote b = max{d(xs,x1),d(x3,21), - ,d(xN=,21)}, d(zg, 21) < b,
so there exists R = max{b,1 + d(xn+,z1)}, s.t. {x,}22, C By(z1, R).

I11.

Proof . Let {a,, }?2, be a subsequence of {a,} and a,, — a, as k — oo, then for any
e > 0, there exists Ny . € N, s.t. for any ny > Ny ., d(an,,a) < 5. Since {a,} is a Cauchy
sequence, we know that, for the same ¢ > 0, there exists N € N, for any m,n > N/
d(@m,an) < 5. Let M, = max (N, N), if n > M., then d(ay,,a) < d(an, an,) +d(a,,,a) <
5+ 5 =¢, thus we get {a,} — a, as n — oo.

IV.

Proof . {Recall the definition of topology: Let X be a set , and I' is a collection of
subsets of X such that:

1. 0, X €Ty
2. Go el (ael), J G, €T (the union of any family of members of I' is a member of
ael
D);
3. Gk €T, [ Gk € T (the intersection of finitely many members of I' is a member of I".}
k=1
1. 0, X €T,
2.G; e ' X\ UG, = ) X\G, is finite, since for each j € I, X\G, is finite, so
jeI jeI
UG, el;

jer
3. X\ N G; = U X\G; is finite, since X\G, is finite for each j,j = 1,---,m, so
j=1 j=1

m Gj el
j=1



So, I' is a topology of X, i.e. (X,I') is a topology space.
V.
Proof . For any x € A, let V(x) be such neighbourhood of x that V' (z) contains only
a countable number of points of A, then A C |V (), that is {V(x)},ca is a covering of
A. According to Lindel6f covering theorem, A has a countable subcovering of {V(x)}.ea,
denoted by {V,(z)}aer, A C U Va(x), I is a countable set, and since for each o € I, V()
acl

includes countable number of points, so |J V,(z) also includes countable points. Thus A
acl
is countable.

VI.
Proof . X is a topological space, I' is a topology of X, GG, € I" denotes any element of
I which includes the point z. z € A" = {the cluster points ofA} <= VG,, G, \{z} A #

)<= G.NA\{z} # 0 <= = € A\{z}.



