Answers to Exercise 6

I.

Proof. Suppose f : E — R. Since f is measurable function, according to the
definition, for any r € R, {z € E| f(x) > r} and {z € E| f(z) < r}, are all measurable
sets. Thus, from theorem 2.12, we know that f~'{r} is measurable, for f~'({r}) = {z €
E| f(2) > r} 0 {x € Bl f(z) < 1},

Let I C R be any interval, we may as well suppose I = (a,b),a,b € R, then f~!({a <
flz) <b}) ={z € E|f(z) >a} N{z € E|f(x) < b}. Again from the fact that f is
measurable, we know that both {z € F| f(x) > a} and {x € E| f(z) < b} are measurable
sets, so does {z € E| f(z) > a} N {z € E| f(z) < b}.

1I.

Proof. We may as well suppose that f > g > 0. Let ¢ be a simple function, s.t.
0<¢<g,then0<¢<f and [¢dm < [ fdm (from the definition 2.24). Since ¢ is any
simple function, which satisfies ¢ < g,

/gdm = sup{/ ¢pdm| ¢ simple and ¢ < g} < /fdm,

holds for any function f and g. Because f > g, so fT > ¢g* and f~ < g~. Further,

/f*dm—/fdm

is defined, since | fdm exists. And from the fact that [ fdm < oo, we know [ fTdm < oo,
thus [ gtdm < [ ftdm < oo, Therefore [ gdm is exist, and we can get

Joam= [gam— [y am< [ ram— [ fam~ [ rin.
I11.

Proof. Since f and g are measurable functions, according to the theorem 2.17, f — g
is measurable. Then

{r e E|f(x) <g(x)} ={z € E|(f - g)(x) <O}

is measurable. Similarly,

{r € B[ f(z) < g(x)} = {x € E[(f — g)(z) <0}

is measurable. And from question 1, we can easily get

{z € Bl f(z) = g(x)} = {z € B[ (f — g)(x) = 0} = f'({0})

is measurable.
IV.
Proof. Let G = max{fi, -, fu}, and H = min{fy, -, f,}. For any r € R,

Ay ={z € E|G(z) > r} = | J{z € B fi(z) > r},

i=1



and

Ay={r € E|H(x >r}—ﬂ{xEE|f, x)>r}.

Since each f;,i = 1,--- ,n is measurable function, {z € FE| f;(z) > r} is measurable, for
any 7 € R. By theorem 2.12, we know that A; and Ay are measurable, thus G and H are
measurable functions.

V.

Proof. AT. If not, for the function f : E — R, we may as well suppose f(z) > 0
holds for Vo € A C E, and m(A) > 0.

~Uf{rea| 5 =@ < U e an < 5w }_UA A,
i=1
- < f(z) < %},2 € N and the set {z € A|1 < f(x)} are

= im(Ai) +m(Ax) > 0,

Thus m(A;) > 0 must hold for some ¢ € N or i = co. Then [ fdm > [ fdm > [ fdm >

Since for all sets {

disjoint, we get

77m(A4;) > 0, a contradiction.



