4. INFINITE PRODUCTS

The basic idea here is to separate the zeros (and poles) of a meromorphic function
f(2) as a product component of f(z). In principle, this results in an infinite product.
To this end, we first prove

Theorem 4.1. If f(2) is an entire function with no zeros, then there exists another
entire function g(z) such that

f(z) = e’
Proof. Since f(z) # 0 for all z € C, then % is entire. Therefore,
f'(2) i j 2
= a;jz’ =ag+aiz+az” +---.

is a power series representation converging in the whole C. Consider

h(z) = aoz + 3a12° + 2az2® + - = z(ap + 2a12 4+ 2azz® + ). (4.1)

/1 ,
limsup {{ ——|a —hmsup a;| =limsup {/|a;| =0
mop /o g Vsl = imsup /ey =0

hence the power series (4.1) has radius of convergence = oo. Therefore, (4.1)
determines an entire function. Differentiating term by term, as we may do for a
converging power series, we get

Since

Define now

p(z) = f(z)e "),

hence

¢'(2) = f'(2)e ") = f()l (2)e ") = e MO (f1(2) = f(2)I(2)) = 0.

Therefore, ¢(z) is constant, say ¢(z) = €, a € C. Note that ¢(z) # 0 for all z € C.
So,
f(z)e_h(z) =e' = f(2)= e th (),

Defining g(z) := a + h(z), we have the assertion. [J

Definition 4.2. The infinite product H;’;l b; of complex numbers b; converges, if
there exists

lim Hb # 0.

n—oo
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Remark. Define P, := [[;_, b;. Clearly, [[;Z, b; converges if and only if (P,)

j=1
converges and lim, .., P,, # 0. Then b, = P,,/P,_1 and there exists
lim P,
lim b, = _mmee T q. 4.9
nl_’ngo lim,, o0 P ( )

Therefore, it is customary to use the notation
bp =1+ Qp s

then lim, o a, = 0 by (4.2).
Theorem 4.3. Ifa; >0 for all j € N, then H;il(l + a;) converges if and only if

> o1
j=1a5 converges.

Proof. Observe first that P, := H?Zl(l + a;) is a non-decreasing sequence, since

a; > 0. Therefore, (P,) either converges to a finite (real) value, or to +o0o. Clearly,
ayt+ags+--+a, <(1+a)(l+az) (14 ap).
On the other hand,
(1+ay) - (1+a,) <e™...eln =t tan

since € > 1+ x for every x > 0. So, we have
>oay < [[(1+ay) <e=ime, (4.3)
j=1 j=1

If (Z?:1 a;)nen converges, then (e22i=1% ),y converges by the continuity of the

exponential function. This implies that the increasing sequence (H?Zl(l +aj)), N

converges to a non-zero limit by (4.3). If (H?_l(l + a;)) y converges, then the
. . n - ne
increasing sequence (Y, a;)nen converges, again by (4.3). U

Theorem 4.4. Ifa; > 0, a; # 1, for all j € N, then H;’;l(l — a;) converges if
and only if Z;’il aj converges.

Proof. (1) Assume Z;’il a; converges. By the Cauchy criterium,

oo
> 4 <3
j=N
for N sufficiently large; then also a; < 1, j > N. Observe that

(1 — aN)(l — aN_H) =1- aN —anN+1 + ANAN+1
>1—an—ant1 (: 1—(an+an41) > %)

Assume we have proved

(I1—an)(l—ans1) (1 —ap)>1—an —ant1— " — Gn. (4.4)
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Then

(I—an)(X —ans1)- (1 —an)(l — ani1)

>(1—an —ans1— - —an)(1 — apt1)
=1l—an —aN41— —ap = apy1 + (aN + -+ ap)ani1
>1l—any —ant1 — -+ — Qnga,

and so (4.4) is true for all n > N. Therefore

(I—an)l—ans1) - (1—ap) >1—(an + - +ap) > 1.

This implies that the decreasing sequence H;’i ~(1—a;) converges to a limit P %

>
If N is sufficiently large, then 0 <1 —a; <1 and so P < 1. Writing, for n > N,

(1-a;)=Py_1- [] (1 —ay),

J
we get
n

lim P, =Py - lim [[(1—a;)=Py1-P=(1—-a1)---(1—-an_1)P #0,

n—oo
i=N

so [152,(1 — a;) converges.

(2) Assume now that Y77 a; diverges. If a; does not converge to zero, then
1 —a; does not converge to one. By the Remark after Definition 4.2, H;L(l —a;)
diverges.

So, we may assume that lim; .. a; = 0. Let N be sufficiently large so that
0<a;j<lforj>N.Sincel—-x<e ®for0<x <1, wehave

1—aj§e_aj, jZN

Therefore,

n n
0< H(l—aj)g e =  Xi=NU n > N.
j=N j=N

Since Z‘;‘;N a; diverges, lim, Z?:N aj = +00, and so lim,, o €~ Xinai =,
implying that
n
li (1-—
S 0 =)

By Definition 4.2, [[72, (1 — a;) diverges. [

Definition 4.5. The infinite product H;‘;l(l + a;) is absolutely convergent, if
[[;=,(1 + laj]) converges.

Remark. By Theorem 4.3, this is the case if and only if 3 7%, |a;| converges.
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Theorem 4.6. An absolutely convergent infinite product is convergent.

Proof. Denote

n

=[[(+a;) and Qu:= ][+ la;]).

j=1 J=1
Then
n n—1
Pn_Pn—1:H(1+aj)_ (1+aj)
J=1 J=1
n—1 n—1
= (TTa+a))a+an—1) =ay [T +4a))
Jj=1 Jj=1

and, similarly,

n—1
Qn = Qu_r = lan] T[ (1 + Jas)

j=1

Clearly,
|Pn - Pn—1| S Qn - Qn—l-
Since H?i1(1 + |aj|) converges, lim,, o @, exists. Therefore, ZJ 1(Qn — Qn-1)
converges, and so by the standard majorant principle, Z;’;I(Pn P,,_1) converges,
implying that lim,,_, ., P, exists.
It remains to show that this limit is non-zero. Since Z;’ol la;| converges,

lim,, o0 @y, = 0, and so lim,, (1 + a,) = 1. Therefore, Z] 1 |1+a | converges by

the majorant principle, since |1+ a;| > 3 for j large enough and so |

11 (1_ 1—|—]aj)

l—l—aj
Therefore

is absolutely convergent. By the preceding part of the proof, a finite limit

n
. a;
Jm T (- 1)
j=1 !

(R R
j=1 1+a.7 +(l] H?:1(1+a’]) Pn’

Jj=1

exists. But

and so lim,, ., P, #0. 0O

Consider finally a sequence ( fj(z))j N of analytic functions in a domain G C C.
Similarly as to Definition 4.2, we say that

oo

[T+ 55(2)

Jj=1
converges in G, if

n—00 -

lim H(l + fJ<Z)

exists for each z € G.
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Theorem 4.7. The infinite product H]Oil (14 fj(2)) is uniformly convergent in G,
if the series Y . |f;(2)| converges uniformly in G.

Proof. Assume
Z 1f5(z)] < M(< 00)
for all z € G. Then by (4.3),

(L4 1A (1 [ful2)]) < eh @I HInE] < M

Denote .
= +1f(z
j=1

Then

Pp(2) = Pa1(2) = [fa()I (A + [ f1(2)]) - (1 + [ £a(2)]) < M fal2)]-

Since

I

Il
¥

(Pn(z)—P Z‘fy ]<e Z|fg

Z;OZQ (Pn(z) - Pn—l
|| ) (1+ f;(2)) is absolutely (uniformly) convergent, hence (uniformly) convergent
by Theorem 4.6. [J

(z)) converges uniformly, and so (P,) as well. This means that

Exercises.
- 2
1) Show that 1-— = 1.
(1) Show tha nl:[l( (n+1)(n+2)) 3
Show that —2_1
(2) Show tha H pCaREia
00 7’1,3 .
(3) Show that };[2 5] converges.

o0
(4) Determine whether or not H (1 —27") is convergent.
n=0

ok
(5) Prove that H <1 + 1 ) defines an entire function.
k=0

- 1
(6) Prove that H(l + z2k) =1 for all z in the unit disc |z| < 1.
-z
k=0
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