
Key to Demonstration 1

I.
Key.

(a)3; (b)4;

(c)6; (d)− 5.

II.
Key.

(αβ)γ =
[
(3 + 2i)(1− 4i)

] (
1

2
+ 3i

)
= [11− 10i]

(
1

2
+ 3i

)
= 35

1

2
+ 28i

and

α(βγ) = (3 + 2i)
[
(1− 4i)(

1

2
+ 3i)

]
= (3 + 2i)

[
12

1

2
+ i

]
= 35

1

2
+ 28i.

III.
Key.

(a) 1/α =
1

3 + 2i
=

3− 2i

(3 + 2i)(3− 2i)
=

3− 2i

13
=

3

13
− 2

13
i,

(b)β/α =
1− 4i

3 + 2i
=

(1− 4i)(3− 2i)

(3 + 2i)(3− 2i)
=
−5− 14i

13
= − 5

13
− 14

13
i.

IV.
Key.
z2 = (x + iy)2 = x2 − y2 + 2xyi, so

(a) Re z2 = x2 − y2;

(b) Im z2 = 2xy;

and

(1/z2) =
1

(x + iy)2
=

1

x2 − y2 + 2xyi
=

x2 − y2 − 2xyi

(x2 − y2 + 2xyi)(x2 − y2 − 2xyi)

=
x2 − y2 − 2xyi

(x2 − y2)2 + 4x2y2
=

x2 − y2

(x2 + y2)2
− 2xy

(x2 + y2)2
i,

so

(c) Re (1/z2) =
x2 − y2

(x2 + y2)2
;

(d) Im (1/z2) = − 2xy

(x2 + y2)2
.
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V.
Key.
Let α = a + bi, and β = c + di, if

(a + bi)(c + di) = ac− bd + (ad + bc)i = 0,

we know {
ac− bd = 0

ad + bc = 0,

then we can get {
ac2 − bdc = 0 (1)

ad2 + bcd = 0 (2)

and {
acd− bd2 = 0 (3)

adc + bc2 = 0 (4).

Discussion: if β 6= 0, it means cd 6= 0, then (1)+(2)= ac2 + ad2 = a(c2 + d2) = 0, and
(3)−(4)= bd2 + bc2 = b(d2 + c2) = 0, consequently, a = 0, b = 0, that is α = 0. In the same
way, if α 6= 0, then we can get β = 0. Thus, αβ = 0 (α, β ∈ C) implies at least one of α
and β is 0.

VI.
Key. Let α = a + bi, and β = c + di,

(a) α + ᾱ = (a + bi) + (a− bi) = 2a = 2Re α;

(b) α + β = (a + c) + (b + d)i = (a + c)− (b + d)i = (a− bi) + (c− di) = ᾱ + β̄;

(c)

(α/β) =
a + bi

c + di
=

(a + bi)(c− di)

(c + di)(c− di)
=

(ac + bd)− (ad− bc)i

c2 + d2
=

ac + bd

c2 + d2
+

ad− bc

c2 + d2
i

and

ᾱ/β̄ =
a− bi

c− di
=

(a− bi)(c + di)

(c− di)(c + di)
=

(ac + bd) + (ad− bc)i

c2 + d2
=

ac + bd

c2 + d2
+

ad− bc

c2 + d2
i,

thus (α/β) = ᾱ/β̄;

(d) |α| = |a + bi| = √
a2 + b2 and |ᾱ| = |a− bi| =

√
a2 + (−b)2 =

√
a2 + b2, so |α| = |ᾱ|.

VII.
Key. First prove that for any complex number a and complex variable z, az = āz̄. Let

a = α + βi and z = x + yi, then

az = (α + βi)(x + yi) = (αx− βy) + (αy + βx)i = (αx− βy)− (αy + βx)i

and
āz̄ = (α + βi)(x + yi) = (α− βi)(x− yi) = (αx− βy)− (αy + βx)i,
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so az = āz̄.
Next, let’s prove that z2 = z̄2.

z2 = (x + yi)2 = x2 − y2 + 2xyi = x2 − y2 − 2xyi

and
z̄2 = (x− yi)2 = x2 − y2 − 2xyi,

so z2 = z̄2.
Induction: when n = 1, it is easy to show that

P (z) = a0 + a1z = ā0 + a1z = ā0 + ā1z̄.

Suppose when n = k, the result is true, that is

P (z) = a0 + a1z + a2z2 + · · ·+ akzk = ā0 + ā1z̄ + ā2z̄2 + · · ·+ ākz̄
k,

then when n = k + 1,

P (z) = a0 + a1z + a2z2 + · · ·+ akzk + ak+1zk+1

= a0 + a1z + a2z2 + · · ·+ akzk + ak+1zk+1

= ā0 + ā1z̄ + ā2z̄2 + · · ·+ ākz̄
k + āk+1zk+1

= ā0 + ā1z̄ + ā2z̄2 + · · ·+ ākz̄
k + āk+1zkz

= ā0 + ā1z̄ + ā2z̄2 + · · ·+ ākz̄
k + āk+1zkz̄

= ā0 + ā1z̄ + ā2z̄2 + · · ·+ ākz̄
k + āk+1z̄

kz̄

= ā0 + ā1z̄ + ā2z̄2 + · · ·+ ākz̄
k + āk+1z̄

k+1,

by induction, we can get the result.
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