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I.
Solution. (a) Since

ez

z − α
=

eαez−α

z − α
=

eα

z − α
+ eα

∞∑
1

(z − α)n−1

n!
=

eα

z − α
+ g(z),

where g(z) is entire (because ρ = lim
n→∞

1
n!
1

(n+1)!

= lim
n→∞

(n + 1) = +∞),

∫

C

ez

z − α
dz = eα

∫

C

1

z − α
dz +

∫

C

g(z)dz = eα · 2πi + 0 = 2πieα.

(b) Since

ez

(z − α)n
=

eαez−α

(z − α)n
=

eα

(z − α)n

∞∑

k=0

(z − α)k

k!
= eα

∞∑

k=0

1

k!(z − α)n−k

= eα
( 1

(z − α)n
+

1

(z − α)(n−1)
+

1

(z − α)(n−2)
+ · · ·+ 1

(z − α)1
+ g(z)

)
,

for some n ≥ 2, and g(z) is entire, we have
∫

C

ez

(z − α)n
dz

=eα
( ∫

C

1

(z − α)n
dz +

∫

C

1

(z − α)(n−1)
dz +

∫

C

1

(z − α)(n−2)
dz + · · ·+

∫

C

1

z − α
dz +

∫

C

g(z)dz
)

=eα(0 + 0 + 0 + · · ·+ 2πi + 0) = 2πieα.

II.
Solution. (a) γ : |z| = 2. Decomposing the integral by partial fractions, we obtain

∫

γ

cos z

z3 + z
dz =

∫

γ

cos z

z
dz − 1

2

∫

γ

cos z

z + i
dz − 1

2

∫

γ

cos z

z − i
dz

= 2πi
[
cos(0)− 1

2
cos(−i)− 1

2
cos i

]
= 2πi[1− cosh(1)].

(b) γ : |z| = 1
2
. As cos z/(z2 + 1) is analytic on and inside γ, the integral equals 2πi

times its value at z = 0, that is,
∫

γ

cos z

z3 + z
dz = 2πi.
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(c) γ : |z− i/2| = 1. Since cos z/(z + i) is analytic on and inside γ, by partial fractions
we have

1

z(z − i)
= i

(1

z
− 1

z − i

)
,

so that ∫

γ

cos z

z3 + z
dz = 2πi

[
i
(cos(0)

i

)
− i

(cos i

2i

)]
= 2πi

[
1− 1

2
cosh(1)

]
.

Of course, we can do all three examples utilizing the partial fraction decomposition in part
(a), since the corresponding integrals vanish when the points 0 or ±i lie outside γ.

III.
Proof. Let C : |ξ| = R, for any z ∈ I(C), according to Theorem 3.2 d)

f (n)(z) =
n!

2πi

∫

C

f(ξ)

(ξ − z)n+1
dξ,

then we have

|f (n)(z)| =
∣∣∣ n!

2πi

∫

C

f(ξ)

(ξ − z)n+1
dξ

∣∣∣ ≤ n!

2π

∫

C

|f(ξ)|
(|ξ| − |z|)n+1

|dξ| ≤ n!

2π

∫

C

|f(ξ)|
(R− |z|)n+1

|dξ|

≤ n!

2π
· M

(R− |z|)n+1

∫

C

|dξ| = n!

2π
· M

(R− |z|)n+1
· 2πR =

MRn!

(R− |z|)n+1
.

IV.
Solution. Denote γ : the semicircle from −1 to 1 passing through i, and denote ι : be

the straight segment from 1 to −1, by Cauchy Theorem, we know that
∫

γ+ι

ezdz = 0,

thus ∫

γ

ezdz = −
∫

ι

ezdz =

∫

ι−

ezdz =

∫

ι

exdx =

∫ 1

−1

exdx = e− e−1.

V.
Prove. By Theorem 3.2 a), we know that when z is inside of the circle C with radius

r,

f(z) =
1

2πi

∫

C

f(ξ)

ξ − z
dξ,

if z is the center of the circle, ξ = z + reit, then

f(z) =
1

2πi

∫ 2π

0

f(z + reit)

reit
rieitdt =

1

2π

∫ 2π

0

f(z + reit)dt.

VI.
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Solution.

sin z

z − α
=

1
2i

(eiz − e−iz)

z − α
=

1

2i

1

z − α

(
eiαei(z−α) − e−iαe−i(z−α)

)

=
1

2i

1

z − α

(
eiα

∞∑
n=0

(i(z − α))n−1

n!
− e−iα

∞∑
n=0

(−i(z − α))n−1

n!

)

=
eiα

2i

∞∑
n=0

in(z − α)n−1

n!
− e−iα

2i

∞∑
n=0

(−i)n(z − α)n−1

n!

=
eiα

2i

( 1

z − α
+ g1(z)

)
− e−iα

2i

( 1

z − α
+ g2(z)

)
,

thus we can get
∫

C

sin z

z − α
dz =

eiα

2i

( ∫

C

dz

z − α
+

∫

C

g1(z)dz
)
− e−iα

2i

( ∫

C

dz

z − α
+

∫

C

g2(z)dz
)

=
eiα

2i
· 2πi− e−iα

2i
· 2πi = π(eiα − e−iα).
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