Key to Demonstration 10

L.

Solution. (a) We compute derivatives and evaluate at 7/2:
n at z at /2 coeflicients
0 COS 2 0 0
1 —sin 2 -1 -1
2 —Cos 2 0 0
3 sin z 1 1/3!
4 COS 2 0

0

2k;:—1 (—1)’;sinz (—:1)’f (—1)’6/(:2/{—1)!
2k (=1)*cosz 0 0

The series we want is then
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(b) Since cos® z = 3 cos 2z + —, by geometric series, we get

(DR o (4"
20: (2k!<22)k:1+21: (2k)

COS2 VAR

+

DN | —
N | —

II1.
Solution. (a) Since 0 < |z — 1| < 1, by geometric series, we get

z(ll_z) 1iz 1+(i_1 . Z (z—1)] Z(_l)kH(Z—l)k_l,
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(b) Since |z — 1| > 1, ﬁ<1,by geometric series, we get
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1 - I v = 1\ k+2
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Solution. By geometric series, when |z| > 0, we have

1 —cosz 1 =L (=1)F —~ (=D s
— Zzz<1_2(2k)!zk>:; (2K)! S

k=0




1 —cosz 1
From the series above, it is easy to see that 5 — 2 as z — 0.
IV.
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Proof. Let z = cosf + isinf, df = = and cosf = 5(2 + —), then we can get
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z4+1 z > o z
2cosf _ . e = . 6_ 1 — _4 i €
/e dfd =—1i / . dz = —i / ~ Zn!zndzf Zzn! Zn+1dz
0 n=0 n=0
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V.

Proof. (a) It is well known to all that for any a € R, cos?a + sin?a = 1. Now
let f(z) = cos?z, and let g(z) = 1 — sin?z, it is easy to see that f(z) and g(z) are all
holomorphic in C. Let {a,,} be any convergent real number sequence in C, thus we know
that f(an,) = g(an), n =1,2,---, by uniqueness (identity) theorem, we have f(z) = g(z),
that is cos? z + sin® z = 1.

(b) For o € R, let f(z) = sin(z + a) and g(z) = sinzcos o + cos zsina. The proof is
similar with the above.



