Key to Demonstration 11

I.

Proof. (Note: The manner of one-to-one indicates the mapping is injective and sur-
jective as well.)

For two points wq, wy in w-plane, be not oo, if w; = w,y, it means az; + 8 = azy + [,
then z; = 2y, since a # 0, so it is injective.

ref 3
— —, where a # 0, is in
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For the point wy = re’® in w-plane, be not oo, zy =

z-plane, such that zy — wy under this mapping, so it is surjective.
For z = oo, choose any sequence {z,} — oo, it means that for any r > 0, there exists
N € N, such that when n > N, {z,} C B(oo,r), where

B(oo,r) ={2 € Z,|z| > r}.
Under the linear transformation w = az + 3, a # 0, the chosen sequence is first mapped
to the sequence {n,} = {az,}. It is obvious that when n > N, {n,} C B(oco,r|a|), that
is {n,} — oo too. Then for {w,} = {az+ 8} C B(oo,|rla| —|A]]), when n > N, it tells
us {w,} — oo. It showes that the mapping maps z = 0o onto w = co. Thus finishing the

proof.
II.

Proof. If az+ (= 0, then w(z) reduces to constant 0; if az+ 5 # 0, let § = @, then
o

_az+f  alez+8)  «
ve+ 2 avz+ By v

?

is also a constant.
I11.
Proof. (Note: The manner of one-to-one indicates the mapping is injective and sur-

jective as well.)

1 1
For two points wy, ws in w-plane, be not 0 nor oo, if w; = ws, it means — = —, then
21 <2
Z1 = 29, SO it is injective.

For the point wy = rei® in w-plane, be not 0 nor co, zy = r~te~™ is in z-plane, such
that zyg — wp under this mapping, so it is surjective.

With the conventions, if wy = 0, zp = 1/0 = oo; if wy = 00, 2 = 1/oo = 0, so this
w = 1/z maps the extended z-plane in a one-to-one manner onto the extended w-plane.

IV.

Proof. A Mobius transformation w(z) = Odz—j:?, where ad — [y # 0, is a linear
vz
fractional mapping. If v = 0, the Mobius transformation reduces to
a p
w = 52 + g,

which is linear, so is one-to-one mapping from C to ((Af, analytic. If v # 0,
az + —ad 1 «
wz)=2F0 _Fr-ed 1 o
vz +0 v vz4+9d v




it is easy to see that this transformation is analytic except when vz +6 =0, i.e. 2 = ——.
/)/

To see this transformation is one-to-one, we set
z1=7vz24+90
Z9 = 1/21

w = [(By — ad)/y]z+ (a/7)

we see that (1) is a linear transformation followed by an inversion followed in turn by
another linear transformation.

V.
Proof. Choose a circle from (X), denoted by C4, and a circle from (Y), denoted by Cs.
Let’s see when and where the two circles intersect.

(o2 v = (h)

i (vt g) = (5)

Uu
u'——+0v*=0
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Immediately, we can get

u? + v + U= 0.
b
b
By simple calculation, we get they intersect at two points (0,0) and (a2 j_ EA— bQ)'

It is easy to see that ) and Cy intersects at (0,0) in right angle. We only need to
consider the other intersect point.

u
For Ci, let F(u,v) = u*> — — + v?, the slope of the tangent line of C is
a

du %—5 v
dv o 2w L7
b —2ab
then the slope of tangent for C; at the point (azibQ’_aQ +b2> is pe _abz‘ In the
t the slope of tangent for C; at the point (—— d )'a2 e
same way, we get the slope of tangent for at the poin — is :
v, Wee P & 2 P a?+ b2 a?+ b? 2ab
Obviously, the two tangent intersects in right angle, since the product of the two slope
—2ab  a® —0* .
a2—b  2ab
Thus finishing the proof.
VI.
Proof.

agz+ 9
ToS(z) =T(S(2)) = a1(S(2)) + 5 _ al(’Y2z+52> + 5 _ (cv1ag + B1792)2z + 102 + £102
nsz)+a (222[?22) 4o, (0om+7201)z+ By + 010




Let a = aqas + 172, B = a1 P2+ 102, v = oy + 7201 and § = [Ba7y; + 162, then we finally
get
az+

vz 406

ToS(z)=



