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School of Computing

University of Eastern Finland
Joensuu, Finland
pasi.franti@uef.fi

Abstract—External validity measures in cluster analysis eval-
uate how well the clustering results match to a prior knowledge
about the data. However, it is always intractable to get the
prior knowledge in the practical problem of unsupervised
learning, such as cluster analysis. In this paper, we extend the
external validity measures for both hard and soft partitions by
a resampling method, where no prior information is needed.
To lighten the time burden caused by the resampling method,
we incorporate two approaches into the proposed method: (i)
extending external validity measures for soft partitions in a
computational time of 𝑂(𝑀2

𝑁); (ii) an efficient sub-sampling
method with time complexity of 𝑂(𝑁). The proposed method
is then applied and reviewed in determining the number of
clusters for the problem of unsupervised learning, cluster
analysis. Experimental results has demonstrated the proposed
method is very effective in solving the number of clusters.

Keywords-external cluster validity, clustering, subsampling,
image segmentation

I. INTRODUCTION

External validity measures are preferable for evaluating
the goodness of clusterings when ground truth labels are
available [1]. With the ground truth consisting of class labels
assigned to the patterns, the ideal clustering is selected based
on how well the cluster labels produced by the algorithm
match. External measures are also used to compare the
similarity of two clustering results.

Rand Index [2], [3], Jaccard coefficient, Fowlkes and
Mallows index [4] are typical external measures, which
evaluate the clustering quality by the similarity of the pairs
of data objects in different partitions. A study of 16 external
measures for K-means clustering has been conducted in [5].
According to the result of this survey, we only investigated
Adjusted Rand Index in the experiments.

External measures are mainly designed for hard par-
titions. Researchers shed light on extensions of external
measures for fuzzy results. A fuzzy extension of the Rand
index has been introduced [6]. Other measures such as
adjusted Rand Index, the Jaccard coefficient, the Fowlkes
and Mallows index have also been derived from the same
formulation. However, they are as computationally expensive
as 𝑂(𝑀2𝑁2), where 𝑀 is the number of clusters and 𝑁
is the data size. Thanks Michele’s pioneer solution of fuzzy

clustering, the computational cost of external measures has
significantly reduced to 𝑂(𝑀2𝑁) time [7].

In clustering, however, prior knowledge of the data is
usually not available. To overcome this difficulty, Rand
Index was extended to calculate a pairwise stability [8],
where the pairwise stability is calculated as the variability
of the clustering results by resampling the original data or
multiple initializations. For example, bootstrap resampling
has been utilized in evaluating the fuzzy partition stability
in [9], and its fuzzy extension has been introduced in [6].
However, these methods lead to a high time complexity in
general.

Since the goal of image segmentation shares the common-
alities with clustering, several clustering methods have been
applied in image segmentation successfully [10]. A com-
mon way to evaluate the segmentation result is supervised
evaluation, in which manually segmented reference images
are used as ground truth. However, external information is
difficult to acquire and require human assistance. Generating
a reference image is also a subjective, and time consuming
task. Even given the reference information, it is not guaran-
teed that the reference is unique. Considering the difficulty,
a framework for a similarity measure is suggested in [11],
where the measure is based on an objective comparison
between the results from image segmentation algorithms and
several manual segmentations.

In this paper, we mainly extend the external measures
by a resampling method to the case of cluster analysis
that no ground truth is available. The proposed method
combined both the benefits of resampling method and fast
implementation of external measures in determining the
number of clusters, which is applicable for both hard and soft
partitions in clustering problems. With numerous clustering
algorithms and varies of image types, evaluation of the
segmentation result is an open question. We employed the
proposed method on segmentation evaluation to prove the
validity of the method.

II. EXTERNAL MEASURES

Clustering aims at partitioning a set of 𝑁 and 𝑑-
dimensional data points 𝑋 = {𝑥1, 𝑥2, ..., 𝑥𝑛} into 𝑀
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clusters. The partition is defined as:

𝑃 = [𝑝𝑖𝑗 ]𝑁×𝑀 ;

𝑀∑
𝑗=1

𝑝𝑖𝑗 = 1 (1)

Here 𝑃 is a 𝑁 × 𝑀 partition matrix, 𝑝𝑖𝑗 represents the
probability of the 𝑖th point belonging to the 𝑗th cluster. In
hard clustering, 𝑝𝑖𝑗 is either 0 or 1, while in soft clustering
𝑝𝑖𝑗 ∈ (0, 1). Given two partitions 𝑃 and 𝐺, external
validity measures are used to measure the similarity of two
clusterings by the proportion of pairs of vectors that agree by
belonging either to the same cluster or to different clusters
in both partitions.

A. Hard partitions

External validity measures can be computed from the
contingency matrix in 𝑂(𝑀2 +𝑁) time for hard partitions.
A contingency matrix is defined as:

𝐶𝑖𝑗 =

𝑁∑
𝑡=1

𝐼(𝑃 (𝑡) = 𝑖 ∧𝐺(𝑡) = 𝑗) (2)

where 𝐼 is the indicator function, 𝑡 is the data point, and
𝑖, 𝑗 < 𝑀 are the group labels. The quantities 𝑎, 𝑏, 𝑐, 𝑑 are
defined as follows:

𝑎 =

𝑀∑
𝑖=1

𝑀∑
𝑗=1

𝐶2

𝑖𝑗 −𝑁

𝑏 =
𝑀∑
𝑗=1

(
𝑀∑
𝑖=1

𝐶𝑖𝑗)
2 −

𝑀∑
𝑖=1

𝑀∑
𝑗=1

𝐶2

𝑖𝑗

𝑐 =

𝑀∑
𝑖=1

(

𝑀∑
𝑗=1

𝐶𝑖𝑗)
2 −

𝑀∑
𝑖=1

𝑀∑
𝑗=1

𝐶2

𝑖𝑗

𝑑 =
𝑀∑
𝑖=1

𝑀∑
𝑗=1

(𝐶𝑖𝑗

𝑀∑
𝑙 ∕=𝑖

𝑀∑
𝑠 ∕=𝑗

𝐶𝑙𝑠)

(3)

These calculate the number of points that belongs to the
same cluster in 𝑃 and 𝐺 (𝑎); belongs to the same cluster in
𝑃 but to different in 𝐺 (𝑏 ); inverse of 𝑏 (𝑐); are in different
groups in 𝑃 and 𝐺 (𝑑). Terms 𝑎 and 𝑑 measure the amount
of agreement of 𝑃 and 𝐺, whereas terms 𝑏 and 𝑐 measure
the amount of disagreement. The Adjusted Rand index is
now derived by:

𝐴𝑅𝐼 =
2× (𝑎× 𝑑− 𝑏× 𝑐)

(𝑐× 𝑐+ 𝑏× 𝑏+ 2× 𝑎× 𝑑+ (𝑎+ 𝑑)× (𝑐+ 𝑏))
(4)

The definitions of Rand index, Jaccard coefficient and
Fowlkes-Mallows indices are all based on Eq. 3, see [6],
[7] for the exact definition.

B. Efficient extension to soft partitions

An efficient extension of external measures into soft
partitions in [7] is based on an update definition of con-

tingency matrix. In soft partitions, each point has a mem-
bership/probability value to each cluster. The calculation of
contingency matrix for soft partitions is defined as:

𝐶𝑖𝑗 =

𝑁∑
𝑡=1

(𝑃𝑡𝑖 +𝐺𝑡𝑗)
𝛼 (5)

where, 𝑡 is the data point, 𝑖, 𝑗 are the number of cluster.
The value 𝛼 is used to boost the influence of higher member-
ships and reduced the influence of lower memberships. We
discuss its setting in Section IV. Given two soft partitions
of the same data set, the contingency matrix is calculated
according to Eq. 5. The calculations of 𝑎, 𝑏, 𝑐, 𝑑 are the same
as in Eq. 3 with the only difference of the calculation of 𝑎,
which is defined as follows:

𝑎 =
𝑀∑
𝑖=1

𝑀∑
𝑗=1

𝐶2

𝑖𝑗 −
𝑀∑
𝑖=1

𝑀∑
𝑗=1

𝐶𝑖𝑗 (6)

The time complexity of the soft version is 𝑂(𝑀2𝑁).

III. DETERMINING THE NUMBER OF CLUSTERS

For determining the number of clusters, the basic idea is to
test whether the points in a data set are randomly structured
or not. Resampling techniques such as bootstrapping [12],
subsampling [13], cross validation [14], sampling by Monte
Carlo method [15] have been utilized as a solution for this
problem. They allow one to simulate the process of estimat-
ing the probability density function of a validity measures
using random numbers, i.e. the resampling-based method
discover the structure of the data by simulation. However,
as a non-parametric method the resampling method requires
high computation.

We propose a resampling-based method for determining
the number of clusters in a more efficient way. The idea of
this method is to estimate 𝑖𝑛𝑑𝑒𝑥(𝑘) by comparing an index
value on the original data 𝐼𝑥 with an expectation under index
values on an appropriate null reference distribution of the
data 𝐼𝑢. The estimated optimal number of clusters is the
value that minimizes 𝑖𝑛𝑑𝑒𝑥(𝑘).

𝑖𝑛𝑑𝑒𝑥(𝑘) = 𝐸𝑏[𝐼𝑢]− 𝐼𝑥 (7)

where 𝐸𝑏 denotes expectation under a sample with size 𝐵
from the reference uniform distribution. This idea is similar
with the gap-statistic [15]. The most significant difference
is that the proposed method is applied to external measures,
which are working differently with internal measures. The
proposed method is applicable both to hard and soft cluster-
ings. To speed up the method, an efficient extension of soft
external measures and a sub-sampling method are employed.

The proposed method is described in Algorithm 1. First,
we perform a sub-sampling algorithm [16] with 𝑂(𝑁) time
complexity on the original data set to reduce the computa-
tion. The parameters setting is the same as in [16]. Clustering
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Figure 1. The settings of parameter B make little difference on the performance of the proposed index (left) while the processing time increases with the
increment of B value (right).

algorithm is run on the sub-sampled data 𝑋𝑠, and 𝑃𝑥 is the
result. We compute an index value 𝐼𝑥 of the defined external
index between a reference partition 𝐺 and 𝑃𝑥. Here, 𝐺 is
built according to the intuition about the clustering structure
of the data set that the data set is not randomly collected.
Let 𝑐 = ⌊𝑁/𝑀⌋, the reference partition 𝐺𝑁×𝑀 is generated
by:

[𝐺]𝑖𝑗 =

{
1, 𝑖𝑓 𝑖 > (𝑗 − 1)× 𝑐 & 𝑖 < 𝑗 × 𝑐+ 1

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
(8)

Next, 𝐵 synthetic data sets 𝑋𝑏 are generated in the area of
the sub-sampled data (for each dimension independently) by
a uniform distribution. The same clustering algorithm is run
on these data sets, and let 𝑃𝑢𝑏 be the resulting clustering.
We compute index values 𝐼𝑢𝑏 of the same external index
between the reference partition 𝐺 and 𝑃𝑢𝑏. Index values 𝐼𝑢𝑏
are the approximation of the probability density function of
the defined external index. We define 𝐼∗ =

∑𝐵
𝑏=1

𝐼𝑢𝑏/𝐵 as
a reference of 𝐼𝑥.

Input: 𝑋 = {𝑥1, 𝑥2, ..., 𝑥𝑛}, 𝐾𝑚𝑎𝑥

Output: 𝐾𝑜𝑝𝑡

𝑋𝑠 = subsampling(𝑋) ;1

for 𝑘 = 2 : 𝐾𝑚𝑎𝑥 do2

Set reference labels 𝐺 = [𝑔𝑖𝑗 ]𝑁×𝑀 ;3

𝑃𝑥 = CLUSTER(𝑋𝑠) ;4

𝐼𝑥 = 𝐸𝑥𝑡𝑒𝑟𝑛𝑎𝑙𝐼𝑛𝑑𝑒𝑥(𝑃𝑥, 𝐺) ;5

for 𝑏 = 1 : 𝐵 do6

Generate reference data 𝑋𝑏 uniformly ;7

𝑃𝑢𝑏 = CLUSTER(𝑋𝑏) ;8

𝐼𝑢𝑏 = 𝐸𝑥𝑡𝑒𝑟𝑛𝑎𝑙𝐼𝑛𝑑𝑒𝑥(𝑃𝑢𝑏, 𝐺) ;9

end10

𝑖𝑛𝑑𝑒𝑥(𝑘) = 𝐼∗ − 𝐼𝑥 ;11

end12

𝐾𝑜𝑝𝑡 = 𝑚𝑖𝑛(𝑖𝑛𝑑𝑒𝑥) ;13

return 𝐾𝑜𝑝𝑡14

Algorithm 1: Pseudocode of the proposed method

Finally, 𝐼𝑥 and 𝐼𝑢𝑏 are obtained for different number

of clusters within the range 𝑘 ∈ [2,𝐾𝑚𝑎𝑥], where a rule
of thumb of 𝐾𝑚𝑎𝑥 is 𝐾𝑚𝑎𝑥 ∼ (𝑁/2)1/2 [17]. Thus,
𝑖𝑛𝑑𝑒𝑥(𝑘) = 𝐼∗ − 𝐼𝑥 is calculated under different 𝑘, and
𝐾𝑜𝑝𝑡 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑘{𝑖𝑛𝑑𝑒𝑥(𝑘)}.

Table I
DESCRIPTION OF THE DATA SETS, D IS DIMENSIONALITY, N IS DATA

SIZE AND M IS NUMBER OF CLUSTERS.

Name D N M Generated
Touching 2 73 2 artificial

rdata3 2 300 3 artificial
S1-S4 2 5000 15 artificial

Iris 3 150 3 real
wine 13 178 3 real(Normalized)
wdbc 30 569 2 real(Normalized)

Zernike 47 2000 10 real(Normalized)
image 3 116*261 NA real

IV. EXPERIMENTS

Experiments were performed on several real and synthetic
data sets (Table I). The data set S1-S4 consists of 5000
vectors and 15 Gaussian clusters with different degree of
cluster overlapping. The rdata3 is generated under Gaus-
sian distribution with three smaller groups of data points.
Touching contains two connecting clusters. The real data
sets are obtained from UCI Machine Learning Repository
[18]. All real data sets instead of Iris are normalized by
statistical normalization. The image in (Fig. 4) in YUV color
space is used for image segmentation. We test the proposed
method on K-means (KM), EM and Fuzzy C-means (FCM)
clustering algorithms for hard and soft clustering.

For the setting of parameter B, we run the proposed
method with increasing B values. As shown in Fig. 1, the
increment of B value increases the processing time while it
brings little effect on the index value. Thus B in Algorithm
1 is set to 20 to get less processing time.

Spearman’s rank correlation [19] is a non-parametric
measure of statistical dependence between two variables. To
decide the setting of 𝛼, we calculate the Spearman’s rank
correlation among ARI for hard partitions and ARI for soft
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partitions in different 𝛼 settings in Table II. As shown in
the table, it has very high correlation among the ARI values
on 𝛼 = 10, 𝛼 = 15 and 𝛼 = 20. However, it has very low
correlation among the values when 𝛼 = 1 and the others.
The correlation of the ARI values on hard partitions and soft
partitions is the highest when 𝛼 = 5. Thus, we set 𝛼 = 5 in
this paper.

Table II
SPEARMAN’S RANK CORRELATION AMONG ARI FOR HARD PARTITIONS

AND ARI FOR SOFT PARTITIONS IN DIFFERENT 𝛼 SETTINGS.

hard 𝛼=1 𝛼=5 𝛼=10 𝛼=15 𝛼=20
hard 1 0.65 0.87 0.79 0.78 0.76
𝛼=1 0.65 1 0.64 0.57 0.53 0.51
𝛼=5 0.87 0.64 1 0.95 0.93 0.91
𝛼=10 0.79 0.57 0.95 1 0.99 0.98
𝛼=15 0.78 0.53 0.93 0.99 1 1
𝛼=20 0.76 0.51 0.91 0.98 1 1
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Figure 2. Original and sub-sampled data distribution (left) and the results
from the proposed method on both data sets (right).

A. Sub-sampling algorithm

First, we need to verify if the sub-sampling algorithm
affects the final result. As shown in Fig. 2, the original
data size is sampled from 5000 to 1724 data points so that
the data structure is preserved while the density is reduced.
The result of the proposed method on the sub-sampled data
has similar trend as that on the original data in Fig. 2.
It indicates that the sub-sampled data works well in our
method, although variation exists.

Table III
THE PROCESSING TIME WITHOUT AND WITH SUB-SAMPLING ON

DIFFERENT PARTS IN THE PROPOSED METHOD. THE RUNNING TIME FOR

THE SUB-SAMPLING PROCEDURE IS 0.09 SECONDS.

without with reduced
External measures 0.13s 0.08s 38%

K-means 8.41s 1.82s 78%
EM 28.43s 8.42s 70%

FCM 42.12s 14.22s 66%

The time costs in Table III are for external measures
and clustering algorithms in Algorithm 1 for data set S2
with 15 clusters. The sub-sampling method reduces time
cost 38%-78% on different parts in the proposed method
according to Table III. Compared to the running time for
sub-sampling procedure, which is 0.09s, the reduced time is
much more than that. The sub-sampling method can reduce
remarkable running time in resampling method since the
clustering algorithms employed in the method need to be
repeated multiple times.

B. Determining the number of clusters

We tested the proposed method on the data sets in Table I.
The hard partitions are resulted from K-means and the soft
partitions of FCM and EM algorithm by taking the cluster
with the maximal membership value.

An example on data S2 is shown in Fig. 3, where the data
distribution with partitioning from FCM is displayed. The
running time of the proposed method varies from different
clustering algorithms, where K-means is the fastest and EM
is the slowest. Thus, the running time depends highly on
the choice of the clustering algorithm. Compare hard and
soft clusterings, for example, hard and soft partitions from
FCM and EM, the computation time have little difference
as Fig. 3 indicates.

The index values of the proposed method with the in-
creasing number of clusters are plotted, where the minimal
values of the curve indicate the number of clusters. For data
set S2, the proposed method reveals the structure of the data
set on hard partitions from different clustering algorithms.
Results from soft partitions work similar as those from hard
partitions with higher variance. The main reason is that
external measures on hard partitions are more robust than
that of soft partitions.

To validate the proposed method, we listed the determined
number of clusters for the data presented in Table I by
the proposed method and two internal measures [20] in
Table IV. Calinski-Harabsz (CH) index is popular as an
internal measure, which is based on within and between
cluster variance. Xie and Beni proposed a validity index
(XB) for fuzzy clustering, which considered the data set,
geometric distance measure, distance between cluster cen-
troids and more importantly on the fuzzy partition generated
by any fuzzy algorithm used. We employed K-means results
for Calinski-Harabsz index and FCM results for Xie-Beni
index. The bold-faced numbers in Table IV represents the
correctly determined number of clusters.

For determining the number of clusters, the proposed
method works well on real data sets and small Gaussian-
distributed data sets. For higher overlapped data S3 and
S4, the proposed method works well. In general, it has
better performance on hard partitions than soft ones. Internal
measures have less accurate result on real data sets, but Xie-
Beni index works well on artificial data sets.
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Figure 3. (a) a clustering on data set S2 from FCM; (b) a comparison on the running time of the proposed method on different soft and hard clusterings;
(c) and (d) the index value of the proposed method (hard and soft clustering respectively) on the increasing number of clusters.

Table IV
THE NUMBER OF CLUSTERS DETERMINED BY THE PROPOSED METHOD FOR HARD AND SOFT PARTITIONS.

Data 𝐾𝑀𝐻 𝐹𝐶𝑀𝐻 𝐸𝑀𝐻 𝐹𝐶𝑀𝑆 𝐸𝑀𝑆 𝑋𝐵 𝐶𝐻

Iris 3 3 3 3 2 2 2
wine 3 3 3 3 3 2 2
wdbc 2 2 2 6 8 2 2

Zernike 10 5 10 4 10 2 2
image 3 3 3 5 5 2 2
rdata3 3 3 3 3 2 3 10

Touching 2 2 2 3 6 2 2
S1 17 14 17 13 18 15 15
S2 15 14 14 14 15 15 20
S3 15 15 15 15 15 4 6
S4 15 15 15 15 15 15 16

C. Unsupervised evaluation of image segmentation

For image segmentation, K-means, FCM and EM algo-
rithms are conducted. For simplification, the segmentation
results are represented by the clustering labels. We use the
proposed method to determine the number of clusters for
images. The proposed index and BIC (Bayesian Information
Criterion) are used to evaluate the segmentation results, see
Fig. 4, where the image in YUV color space is segmented
into 3 clusters by different algorithms. The evaluation under
different numbers of clusters (from 2 to 10) are shown in
Fig. 5. There is a strong indication on three clusters by the
proposed method, whereas BIC on EM algorithm has no
clear suggestion.

Figure 4. An image in YUV color space and image segmentations of three
clusters by KM, EM and FCM.
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Figure 5. Evaluation results of the proposed method (left) and BIC (right) for the image.

V. CONCLUSION

We extended the external measures for both hard and soft
partitions in clustering problems when no prior information
is available. To the computational efficiency of resampling
method, a state-of-art sub-sampling method is implemented
and applied instead. Experimental results indicate that the
proposed method are very effective in solving the number
of clusters in practice, for example, the unsupervised evalu-
ation of image segmentation. The proposed method can be
envisioned as a general approach that can be applicable to
other clustering algorithms and external measures.
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