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Abstract

Fast algorithm for joint near-optimal approximation of multiple polygonal curves is proposed. It is based on iterative reduced
search dynamic programming introduced earlier forrtie-¢ problemof a single polygonal curve. The proposed algorithm
jointly optimizes the number of line segments allocated to the different individual curves, and the approximation of the curves
by the given number of segments. Trade-off between time and optimality is controlled by the breadth of the search, and by
the numbers of iterations applied.
© 2004 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction [8], by algorithm for all shortest paths in graf8] or by
heuristic approachd®,9,43-45]
Approximation ofpolygonal curvess a classical problem The polygonal approximation of a single curve can be

in image processing, pattern recognition, computer graph- extended to the case of multiple curves:
ics, digital cartography, and vector data processing. Optimal
approximation of a single polygonal curve can be solved by (a) Multiple object min-# problem Given K polygonal

methods fromgraph theory[1-5], dynamic programming curvesPi, Py, ..., Pk, approximate it byk polygonal
[6-12], or A*-search[13,14]in O(N?%)—0 (N3) time where curvesQ1, 0o, ..., Qg with the minimum total num-
N is the number of vertices in the input curve. ber of segmentd/ so that the approximation error does
Faster but sub-optimal heuristics also exist with time com- not exceed a given maximum tolerande

plexities of O (N)-0(N?2) [15,16] Heuristic approaches for  (b) Multiple object mirz problem Given K polygonal
the approximation problem includgplit[17-19,26] Merge curvesPi, P, ..., Pk, approximate it byk polygonal
[20-26] Split-and-Merge[27,28], dominant points detec- curves 01, 02, ..., Qg with a given total number of
tion [29-32] sequential tracing33—35] genetic algorithms segmentsV so that the total approximation error is min-
[36—39] tabu search[39,40] ant colony method§1,42] imized. Solution for themultiple-object mir# problem

The case of closed contours includes also the optimal selec-  depends on the error measure in use. In the cagewf

tion of the starting point. This can be solved by considering error measure, the problem reduces to shgle-object

all input points and choosing the one with minimal error min-# problem as the optimization can be solved for
every object independentlj46]. In the case of addi-
tive error measuresLf, Lo, etc.), on the other hand,
the problem is not trivia[46]. Fortunately, in practical
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Fig. 1. Example of optimal approximation of multiple object with proportional distribution of the segments nuifiper N, M/N) (left),
and with optimal distribution of the segments number (right). The number of points in the object#ate3 x 121 (“Diamond”), and
N_ = 82 (“Leaf"). The corresponding number of segments &g = 3 x 9 and M| = 6 with proportional distribution of the segments
number, and¥p = 3 x 4 and M = 21 with the optimal distribution of the segments number.

The case ofmin-¢ approximation omultiple objectgwith 2. Min-¢ problem for single curve
any error measure) is more complicated. The optimal ap-
proximation cannot be obtained by solving the approxima-  Let us at first consider the optimal solution of then-¢
tion of each individual objects separately because the given problemfor single curve by dynamic programming algo-
total number of approximation segments should be opti- rithm proposed by Perez and Vid@]. We then recall the
mally distributed among all objects. For example, uniform iterative reduced search approach introduced earlier in Ref.
allocation of the segments can assign too many segments to[48]. The proposed approach algorithm will then be gener-
the less complicated objects and, respectively, lacking the alized in the next sections for the approximation of multiple
segments for more complicated objects. This situation is il- objects.
lustrated inFig. 1

In literature, relatively little attention has been paid to the
case of multi-objectnin-¢ approximation even though it is
far from trivial to solve it efficiently. The optimal solution ] )
have been introduced by Schuster and Katsagdé&jsbut An openN-vertex polygonal curve b two-dimensional
the algorithm has time complexity a(N2)-0(N3) de- space is represented as the ordered set (_)f verﬁt_es
pending on the number of segments. This can be suitable {71, ---» PN}={(x1, Y1), ..., (xy, yn)}. The single object
for the encoding of object contours for MPEG-4 standard Mir+¢ problemis stated as follows: approximate the polyg-
[47] but it is too slow in the case of large vector maps. onal curveP by another polygonal curve with a given

In this paper, we first generalize the dynamic program- number of Ilne_ar sggm_entM so that total approxma}tlon
ming approach of single objeatin-: problemfor the case error E(P, M) is minimized. The output curv@ consists

2.1. Problem formulation

of multiple objects. We then introduce a fast iterative re- Of (M +1) vertices:0 = {q1, ..., gm+1}, where the set of
duced search algorithm based on the near-optimal approx- Verticeésg, is a subset oP. The end points oD are the end
imation algorithm for the case of single objdés]. The points of P: g1 = p1. gm+1=pn . The approximation linear
proposed algorithm solves the approximation of the indi- S€9Ment(gm, gm11) of Q for curve segmentp;, ..., p;}

vidual objects and the allocation of the segments jointly. Of P is defined by the end poinis; and p;:gm = p; and
Although the optimality of the algorithm cannot be guaran- 9m+1=Pj- o

teed in general, the experiments indicate that the method is T N€ €rror of approximation of curve segmépf. ... p;}
capable of finding the optimal solution even in the case of With the corresponding linear segmeas, , g, +1) is defined

very large data sets. Moreover, the algorithm is significantly here as the sum of the squared Euclidean distances from each

faster than the optimal counterpart; the time complexity is Vertex of {p;, ..., p;} to the correspondent line segment

betweenO (N)—0 (N?). (Gms Gm+1):

The rest of the paper is organized as follows. In Sec-
tion 2, we recall the full search and the reduced search dy- ) i1 ) 5
namic programming algorithms for the single-object prob- €¢“(gm, gm+1) = Z Ok —aijxx — bij)*/ A +af). (1)
lem. In Section 3, we generalize the dynamic programming k=i+1

approach for the case of multiple objects, and then introduce

the iterative reduced search algorithm. Experiments and dis- Where the coefficients;; andb;; are defined from the linear
cussions are made in Section 4, and conclusions are drawneéquationy = a;;x + b;; of the linear segmentp;, p;). The
in Section 5. error e2(qu, gm+1) With measureLy can be calculated in
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Fig. 2. lllustration of the single-goal state spd@eand the depen-
dencies of the calculation of the cobt for state(n, m) from the
previous state$(j, m — 1)}, wherej =L(m —1),...,n — 1.

0 (1) time with five arrays of cumulatives af y, x2, y2, xy
coordinateg8].

The total approximation erro& (P, M) of the input
polygonal curveP by the output polygonal curve is

the sum of the approximation errors of the curve seg-

ments{p;, ..., p;} by the linear segment,, g, +1) for
m=1...,M:
M
E(P,M)="Y" *(Gm qm+1)- (2)
m=1

To obtain optimal approximation we have to find the set of
vertices{qo, ..., gpr} of QO that minimizes the cost function
E(P, M) for a givenM:

M
E(P. M) = min Y P dms)- 3)

qmi 1

To solve the optimization task we first recall the dynamic
programming algorithnfig].

2.2. Full search dynamic programming

Let us define two-dimensional discretgtate space
Q={n,m) :n=1,...,N;ym=0,..., M} as shown in
Fig. 2 Every point(n, m) in the spaceQ represents the
sub-problem of the approximation afvertex polygonal
curve (p1, ..., pn) by m linear segments. The complete
problem is represented by the goal state M).

An approximation polygonal curv@ can be represented
as apath H(m) in the state spac® from the start state
Q(1, 0) to the goal statéN, M). In the state space, we also
define a functionD(n, m) of the stateQ(n, m) as the cost
function value of the optimal approximation for thevertex
polygonal curve(p1, ..., py) by m linear segments.

The state space&? is bounded by leftL(m),
R(m), bottom B(n) and top T(n) borders

right
in the
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following way [48]:
_|m+1 m=01....M-1L
L(m)_{N; m=M;
m=0;
R(m) = {N M+m; m=12,...,.M
; n=1
B(n)—{ ; n=2...,N—M,;
n—N+M; n=N-M+1...,N;
n—l n=1,. M;
T(n:{ n—M—|—l N -1, (4)
=N.

The optimization problem can be solved by dynamic pro-
gramming[8] in the bounded space (s€&g. 3) with the
following recurrent equations:

D(n,m) = min D(j,m—1 2 i R
(n, m) L(m—1><_/<n{ (j,m—=1+e(pj, pn)}
A(,m)=argmin {D(j,m—1)+e%(pj. pn)}. (5)
Lim-1)<j<n
wheren=1,..., N andm=B(n), ..., T(n). HereA(n, m)

is the parent statethat provides the minimum value for the
cost functionD (n, m) at the stat&n, m). The time complex-
ity of the algorithm isO(MN?), and the space complexity
is O(MN).

2.3. lterative reduced search algorithm

Based on the dynamic programming we have introduced
an iterative reduced search metfd8]. This algorithm was
intended to bridge the gap between slow but optimal, and fast
but non-optimal heuristic algorithms. The algorithm includes
the following three basic steps:

Step 1: Find reference solutiorwith any fast heuristic
algorithm. The obtained solution defines a reference path
Hp(m) in the state spac®.

Step2: Construct a single-goal bounding corridor of a
fixed width W in the state spac® along the reference
path Hg(m). The left L(m), right R(m), bottom B(n), and
top T'(n) bounds of the corridor (bounded state space) are
defined in respect to the reference solution as follows:

L(m)
_m+1 m=0,...,c1
T Ima{m+1, Hm —c1)); m=c1+1,..., M,
R(m)
| min{N, H(m+c2)—1}, m=0,..., M—cp,
| N; m=M-—cy+1,..., M,

(6)
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IterativeReducedSearchDP(P, M);

REPEAT

Q < ReducedSearchDP(P, M);
UNTIL good enough

ReducedSearchDP(P, Mj;
D(1.0) <0
FOR n=2 TO N DO
{{ a) Calculation of approximation errors
FORj=L{B(n) - 1HTO n-1 DO
v(n-j) < e%(p;,pn)
ENDFOR
£ b) Minimum search
FORm=B(n) TO T(n) DO
Urnin € <0
FOR j=L{m-1) TO n-1 DO
d < D(j, m—1-B())) + v(nh-))
IF(d<dmin)
dmin < d;
jmin «— ]
ENDIF
ENDFOR
D(n, m-B(n)) « dmin
A(n, m-B(N)) < jmin
ENDFOR
ENDFOR

/{ Restoration of the solution Hy(m)
Hi(M) =N
FORMTO 1 DO
Hi(m-1) = A(Hi(m), m — B{H1(m)))
ENDFOR
E <« D(N,M-B(N))

Fig. 3. General scheme of the iterative reduced search DP in the
bounded state space.

0;

m;

n=1,

B(n)z{ n=Rm-1+1.., R(m);

T(n)

|

wherec1 = |[W/2], andco = W — ¢1 are the bounds of the
corridor.

Step 3: Apply dynamic programming limited to the
bounding corridor as shown iRig. 3 with the recursive
equations in Eq. (5).

n=L(m),..., L(im+1)—1;

min{M, m+W —1};
; n=N.

M;

These three steps are then iterated using the output so-

lution H1(m) as a reference solution in the next iteration.

Instead of the time consuming search in the full state space E(Py, ..., Px, M) = Z Er (P, My).

Q the algorithm performs the search iteratively in the most
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relevant part of it. Trade-off between quality and time can
be controlled by setting up the corridor widtW) appropri-
ately, and by limiting the number of iteratioiis; ). In Ref.
[48], the optimal solutions were always found by setting up
W =6, and by iterating the algorithm until it converged. The
pseudo code of the algorithm is givenfig. 3

The time complexity of the algorithm withy; iterations is
0 (n; W2N2/ M), which varies betwee®(N) and O (N?).
The lower bound appears whet is large (proportional to
N) and the upper bound wheM is small (considered as
constant). The speed-up in comparison to the full search
is proportional to(W/M)2. The space complexity of the
algorithm isO(WN).

3. Min-€ problem for multiple objects

We first formulate the multiple-objectsin-¢ problem
and then generalize the full search dynamic programming
from the single object to the case of multiple objects. The
iterative reduced search approach is then described.

3.1. Problem formulation

Consider the problem of joint approximation ofulti-
ple polygonal curves (objects), where we ha¥epolygonal
curvesPy, ..., Pg. The total number of vertices =X Ny,
where N, is the number of vertices in the objegy. We
have to approximate the set of polygonal curves by another
set of polygonal curve®q, ..., Q. The total number of
approximation line segments ¥V, whereM;, is the num-
ber of segments allocated to the approximation of a single
polygonal curveQy,.

The approximatiomin-¢ problemfor multiple objectsan
be formulated as follows: find the optimal approximation of
the curvesPq, ..., Py by polygonal curvesQ1, ..., Ok
with minimum error E under the given constraint on the
total number of segment&iM; < M.

The approximation erroE = E; (P, M) of the input
polygonal curveP; by the output polygonal curv@y is the
sum of the errors of the approximation of curve segments
{Pk,i>---» Pk, j} OF P by the line segment8y 1, Gr,m+1)
of O (see Eq. (2)):

My
Ey(Px, My) = Z A (Gkm- Gkm+1)-

m=1

@)

The total approximation errdt (P, ..., Px, M) with mea-
sure Ly is defined here as the sum of approximation errors
for all objectsPy:

K

®)

k=1
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To obtain the optimal approximation & objects we have
to solve the following optimization task:

E(Py, ..., Pg, M)

K Mi—

Z Z e ((Ik m>s 4k, m+1)s
k=1 m=1

K
subject to Z M <M.
k=1

= min min
(M} {gm}

9)

Two approaches have been proposed in 48] for the

385

The joint optimization problem can be solved by three
step dynamic programming approach as follows:

Stepl: Solve the optimal approximation of every object
by multiple-goaldynamic programming in order to obtain
the cost functionggy (My)};

Step2: Solve the optimal allocation of the number of
segments among the objects using the cost functions given
by Step 1;

Step3: Re-solve the optimal approximation of every ob-
ject using the number of segments given by Step 2.

In step 1, we solve the optimal approximation of every
object P, using multiple-goal state spa¢®, as shown in

problem. The first approach is based on the Lagrangian mul- Fig. 4(left). In other words, we solve rate-distortion function
tipliers method, which uses the DP algorithm for the short- g, (M}) as the minimum approximation error of the object
est path in a directed acyclic graph. The second one is basedP;, with all possible number of segment#; in the range

on a tree-pruning algorithm. The complexity of the first al-
gorithm is O (N2 log N) because it is defined by the com-

plexity of the shortest path algorithm and the number of
bisection iterations. The pruning-based approach is a one 1, (m) =

pass variant algorithm with the complexity 6f(N2), but

the efficiency of the pruning scheme cannot be guaranteed

in general.
Algorithms with the complexity of higher tham (N?2)
can be used wheN is relatively small. In the case of vector

maps and digitized drawings, however, we have to process 7 (m) =

a large number of curves, and therefof,N2) can be too
slow in practice.

3.2. Full search algorithm

Let us consider the cost (rate-distortion) functigriMy ),
which represents the approximation error for objBetas a
function of the number segmenig;:

M;—1
min Z e (kaan m+1)

Gk,m

8k (My) =

m=1

whereM;, =1,..., min{M, N;, — 1}. (10)
The optimization task for the approximation error can be

rewritten using the cost functiong (M) as follows:

E(Py,....Pg, M)

= min (My)
min kglgk K

K
subject to Z M <M.
k=1

(11)

The approximation problem fanultiple objectgliffers from
that of thesingle objecproblem in the following: in addition
to the minimization of the individual objects we have to
find the optimal numbers of segment, allocated to the
objects{Pq, ..., Px}.

[1, min{M, N; — 1}]. The bounds of the state space are
defined as follows:

m+1, m=0,..., M —1
Nis m = Mp;
Rk(m)_{ ; m—l’ , M.
m+1 n=0,. Mk—2;
{Mk—l n—Mk—l LNy —2;
My; =Ny —1;
=0;
Bycm) = { nol N1 (12)

In step 2, the optimal allocation of the segmeMéom) is
found in order to minimize the total approximation error
E(P1,..., Pg, M). Let us consider the functioGy (m) as
the minimum approximation error @éfobjects with the total
number ofm segments:

Gy(m)=E(Py,..., Pr,m). (13)
The problem of the optimal allocation of the constrained
resource{M;} among theK objects can be solved by dy-
namic programming method with the following recursive
equationg49] for the given functiongg; (My)}:

Gy (m)
= min Gj_ —x)},
1<x<Nk{gk(x)+ k—1(m — x)}
k=1
wherem =1,...,min ! M, Z (N; — 1) (14)
i=1

The functionG1(m) for one object(k = 1) is given as fol-
lows: G1(m) = g1(m), wherem =1, ..., min{M, Ny — 1}.
The error of the optimal approximation & objects with
M segments is given aB(Py, ..., Pg, M) =Gk (M).

In step 3, we solve the optimal solutiat, (m) for ev-
ery object P, with the found optimal number of segments

M°™. The optimal solutions are solved by the same DP
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Fig. 4. lllustration of themultiple-goalstate spacd2; for sample problem oV, = 34 (left), and themultiple-goalbounding corridor for
sample problem oV, =34 andM; = 12 using corridor widthW = 3 (right). The reference patH (m) is marked with dark gray circles,

and the goal states with gray squares.

algorithm as applied in the first step but now with the fixed We next generalize the iterative reduced search to the prob-

numbers of segmenM,EOpt)

given by the second step.
The time complexity of the first step i@(N,f) for one
object, andO(ZN,?) for all objects. This sums up tO(N3)
in the worst case. The time complexity of the second step
is O(KM?). The time complexity of the third step is
O(M,EOPDNkZ) for one object, and) (= M,EOpt)Nkz) for all
objects. This sums up t@ (M N?) in the worst case. The
time complexity of the whole algorithm is dominated by

the complexity of the first step, and is therefapeN 3).

The space complexity of the first step is determined by the
memory requirement of the full search DP algorithm for the
approximation of the biggest object: ma&¥, x Ny}, which
is O(N2) in the worst case. The space complexity of the
second step with dynamic programming procedur@(g x
M). The memory requirement of the third step is defined

lem under consideration. We follow the main idea of the
reduced search by reducing the search space by a given pre-
liminary solution for the approximation, and then perform
the search in the reduced space iteratively. The main differ-
ence to the full search is that a smaller search area is needed,
which makes the algorithm faster. It also eliminates the need
of the third step because of smaller memory requirements.

The algorithm for multiple-objeatnin-¢ problemwith re-
duced search consists of the following stepg( 5):

Stepl: Find preliminary approximation of every object for
given initial number of segments;
Step2: lIterate the following:

(a) Apply multiple-goal reduced searatiynamic program-
ming for the previous solution to define the cost func-

by the memory needed for approximating the biggest object tions gy (My);

with the found optimal number of segments:

O(N?).

3.3. lterative reduced search algorithm

The full search DP algorithm introduced in Section 3.2

has the following drawbacks:

e The time complexity of the algorithm i©(N3), which
can be too much for vector data with long curves of

thousands of vertices.

e The memory requirements of the aIgorithm(Rs(Nz).
This can also be a limiting factor for processing of large

vector maps with long curves.

op

Ny }. The total space complexity of the algorithm is therefore
determined by the complexity of the first step, which is

(b) Solve the optimal allocation of the number of segments
among the objects using the cost functigpsiy,).

In step 1, we find a set of reference solutidig, (m)} for
every objectP; using some fast sub-optimal algorithm to
distribute segments among the objects and perform polyg-
onal approximation with the found number of segments. In
this work, we use heuristic algorithms basedSptit[17—-19]
and Merge [20—-26] approaches, and random initialization.
Any other fast heuristic algorithm can be used to obtain an
initial solution.

In step 2a, multiple-goal state spaf is constructed
for each object with the following goal statedr;, e
[ak, br], wherea;, = max{1, M,EO) —c1}, b= min{M,EO) +
co, MO N, — 1}, and ¢1 = |[W/2], co = W — c1.
Each state spac€ is then processed by the reduced
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Algorithm for multiple-objects min-€ problem

// Step 1: Preliminary approximation
{Qx«} « FindPreliminaryApproximation({Px});
M {Qd

// Step 2: Iterative search
i 1;
REPEAT
// Approximation of the objects
FORk=1 TO K DO _
ReducedSearchDP(Py, M");
gk « CostFunction(Py, M");
ENDFOR
/I Allocate resource _ .
{M* My « ResourceAllocation({gi"(m)}, {Mc"});
Qi « HM)
i i+,
UNTIL no changes

Fig. 5. lterative reduced search algorithm for theltiple object
min-¢ problem

search algorithm using revised bounding corridor of width
Wi = by — ap + 1< W. The result of the search i#}
solutions {H;, (m)} with the corresponding rate-distortion
function g (My) in the rangeMy, € [ag, by ]. If the corridor
width W is small (W <32), the found pathSHk(l) (m)}
are stored in one-dimensional array of si¥g in order to
avoid recalculation of the solutions later.

The leftLy (m), right Ry (m), bottom By (n) and topTy (n)
bounds of the multiple-goal bounding corridor are defined
as follows:

Ly (m)

_m+1 m=0,...,c1,

T lmax{m +1, Hy(m —c1)}; m=c1+1,..., My,
Ry (m)
| min{Ny, Hy(m+c2)—1}); m=0,..., My—co,
T Mg m=M—co2+1,..., Mg,

(15)
0, n=0,

Bk(n)_{m; n=Rym—-1+1 ..., Rp(m),
Br(n) = m+W;—1; n=~Ly(m),..., Ly(m+1)—1;
KU\ Me+ Wi =1, n=Ng.

In step 2b, we find for every objed®, the optimal num-
ber of segmentd4; in the rangelay, bi]. The optimal al-
location of the constrained resourgd;} among thek ob-
jects Pq, ..., Px with the given cost function$g; (M)}
can be solved by dynamic programming with the following
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recursive expressiotk =1, ..., K):
Gr(m)=min {gr(x) + Gr_10m — x)},
ax <X < by
k-1 k—1
wherem =" a;,.... » _ b;. (16)
i=1 i=1

The required value of the approximation error forobjects
by M linear segments is defined from the cost function
Gr(m) as follows: E(P1, ..., Px, M) = Gg(M). Finally,
for every objectP; we restore the optimal solutioHy, (m)
with the found number of segmenM,El) from the stored
paths{Hj, (m)}.

The found numbers of segmer{tMlgl)} are restricted to
the rangday, by ], and they can provide only local minimum
of the approximation erroE(P1, ..., Pg, M). To find the

global optimal allocation of the resourQM,EOpt)} for the
whole range of segments number, the iterations are neces-
sary. The output solution of the previous iteration is used
as the reference solution in the next iteration. Steps 2a and
2b are repeated until no changes appear in the approxima-
tion error valuess g (M). The number of iterations depends
on the bounding corridor width and how close the initial

distribution of segments numbeeMlio)} is to the optimal

distribution{M,EOpt)}.

While we iterate the algorithm to find the optimal dis-
tribution of the segments numbér,, we simultaneously
optimize the location of the approximation verticeg ,,}
for the current number of segmentg,. Finally, the algo-
rithm converges to approximation solution for all objects
{P1,..., Px}.

The time complexity of the algorithm is dominated by the
first step. The processing timeX¥W2N?/My) in compar-
ison to Z(N,f’) of the full search. This can be roughly esti-
mated a®) (W2N2/M), which varies from0 (N) to O (N?)
depending oM. The processing time for the second step is
reduced by a factor o{)(W/M)2 from the full search be-
cause the search range is reduced fr@nto W. The time
complexity of the second step &(K W2)in comparison to
0 (K M?) of the full search. At the third step, we restore the
optimal solutions for the found number of segments from
the stored paths. The time complexity of this simple proce-
dure isO(N).

To sum up, the time complexity of the reduced search
algorithm formultiple-object mire problemis defined by the
first step, and it is betweef (N) andO(N2). This is better
than theO (N3) of the full search, and th@ (N2 log N) of
the method proposed in R4#6].

The space complexity of the first step is reduced to
max(W x Ni} from max N2} of the full search as < Ny.
The memory requirement of the second step is also reduced
from K x M to K x W. In the third step, no additional
memory is needed for restoring the optimal paths. The total
space complexity of the proposed algorithm is defined by
the complexity of the first step, which @(WN).
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3.4. Heuristic algorithms for reference solution

To study sensitivity of the algorithm to the quality of ref-
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The processing time is double to that of the approxima-
tion of the corresponding open curve. The efficiency of the
approach depends on the characteristics of the contours to

erence solution we consider three strategies for creating the be approximated, the number of segments, and the initial

initial (reference) solution: (a) thelerge L, algorithm, (b)
the Split-basedalgorithm with proportional distribution of
segments, and (dRandominitialization with random dis-
tribution. These algorithms provide good, satisfactory, and
poor initialization, respectively.

(a) Merge L, algorithm: The greedy algorithm in use is
a generalization of Merge approaf20—26] from a single
object to the case of multiple objects. First, all vertices of

location of the starting points. For smooth curves with big
number of approximation segments and a reasonably good
initial selection for the starting points the improvement of
the approximation can be negligible. In the case of contours
with sharp corners and small number of segments, however,
it can be worth to reduce the approximation error at the
cost of double processing time. The selection of the relevant
strategy depends on task in the question, the properties of

the shapes are considered as approximating points. The totalthe vector data, and the time resources.

number of approximating vertices is then iteratively reduced
by elimination of the vertey,, with the smallest cost func-
tion value C(¢;,). The process is halted when the desired
total number of approximating segmenisis reached. The
cost functionC(g,,) of the vertexg,, with the two adja-
cent line segmentéy,;,—1, gm) and (gm, gm+1) is defined

as the change in total approximation error after replacing
these segments with one segmeni—1, gm+1):

C(qm) = d(qnlfls Qm+l) - d(mels QM) - d(Qm, ‘Im+l)s

where d(q;, q;) is approximation error for line segment
(¢i» q;)- We use integral square error as a cost function. The
complexity of the Merge-based algorithm @&(N log N)
[23,25] if we use heap structure to store the current values
of the cost function of all vertices fok objects, and the
complexity of algorithm for calculation of the cost function
is O(1). The Merge L» algorithm provides good distribu-
tion of segments among the objects.

(b) Split-basedalgorithm: the total number of segments
M is distributed uniformly proportional to the number
of vertices N; in each object to give the initial values
M,EO) of the numbers of segmentsM,EO) ~ NyM/N.
Then every object is approximated by the algorithm of
Douglas—Peucker—Ramer individually for the calculated
number of segmentM,Eo) to obtain reference solution for
the objects. The complexity of the algorithm @(Mj, N;.)
for an Ny -vertex object.

(c) Randomalgorithm: we simply takéM — 1) randomly
chosen points for all the curves jointly, and create the initial
approximation from them.

3.5. Approximation of closed contours

In the case of closed contours, we have to optimize the
selection of the starting points as well. It can be done with
the near-optimal algorithm we introduced recently in Ref.

[45]. The proposed algorithm is based on reduced search dy-

namic programming algorithm for open curés]. It per-
forms approximation of a cyclically extended input contour

4. Results and discussion

In order to evaluate the quality of sub-optimal algorithms,
Rosin[15,16]introduced a measure knownfedelity (F). It
measures how good a given sub-optimal solution is in respect
to the optimal approximation in terms of the approximation
error:

_ Emin

F x 100%

7

We test the proposed methods using the shapes shown in
Fig. 6. The first and second shapes are didactic examples of
the single and multiple-object cases. The third shape con-
tains elevation lines from a sample map somewhere in Fin-
land [50], and the fourth one is a large-scale vector map of
Europe.

4.1. lterative reduced search for single object

The iterative reduced sear¢h8] is first illustrated for
the test shape #1 iRig. 7. The preliminary approximation
with M = 100 is made by the Douglas—Peucker algorithm,
which is then improved by iterative reduced search algorithm
with corridor width W = 10 (seeFig. 7). The fidelity of
the initial solution isFp = 41.1%(Tg = 0.059; fidelity of
the solutions after the 1st and 2nd iterations of the reduced
search ard’1=97.9%(71=0.7 9 and F,=100%T>=1.49),
respectively.

For reference approximation obtained witterge L, al-
gorithm, the fidelity isFg = 53.5%(Tp = 0.029; fidelity
of the solutions after the 1st and 2nd iterations Afe=
99.8%(T, =0.79 and F», = 100%(T> = 1.4 9), respectively.

With the full search dynamic programming algorithm of
Perez and Vidg8] the optimal result for the same test shape
is achieved ifl" = 166 s, and with fasfi*-search algorithm

of double-size and then makes analysis of the state space toof Salotti[13] the optimal result is achieved I =62s. In

select the best starting point.

this and the following tests, we use Pentium lll, 2.0 GHz.
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N=5004
K=1

N=445
K=4

389

N=38,924
K=569

N=169,673
K=365

Fig. 6. Test data from left to right: Shape #1 is a digitized curve fid3]; #2: “diamond and leaf’; #3: elevation vector map; #4:
vector map of Europe. Her&/ is the total number of points, and is the number of objects. The images are available on web:

http://cs.joensuu.fi/pages/koles/images/
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Fig. 7. Result of the approximation of test data #1 with= 100 segments using Split-based algorithm (left), the iterative reduced search
after the first iteration (middle), and the corresponding state space and the bounding corridor ofvdil (right).

4.2. Full search for multiple objects

The full search dynamic programming algorithm for the
test data #2 is illustrated already kig. 1, which contain
N = 445 vertices, and/ = 33 linear approximation seg-
ments. With optimal allocation of the resources using the
full search algorithm, the number of segments 8312 4)
in “Diamond”, and 21 in "Leaf”. The total approximation
error isE = 356.

The test data #3 contai = 38, 924 vertices inK =569
objects, and the approximation data contiin-7784 linear

4.3. lterative reduced search for multiple objects

At first we find approximation for the test data #3 (see
Fig. 8). We consider three strategies for creating the ini-
tial distribution of the segments among the objects: (a)
the Merge L, algorithm as described in Section 3.4, (b)
the Split-basedalgorithm with proportional number of seg-
ments, and (CRandominitialization.

With the Merge L, algorithm, the fidelity of the initial
solution isFg = 71.6% obtained irfg = 0.3 s. As the initial
distribution of the segments is close to optimal, the reduced-

segments (data reduction of 5:1). The processing time for the search algorithm reaches very high fidelity f6f = 99.95%

first step (calculation of the cost functions) is 69 s, the time
for the resource allocation is 4 s, and the time for restoration
of the optimal solutions is 14 s. In total, the processing time
of the full search algorithm is 86 s.

The test data #4 consist & = 365 shapes withv =
169 673 number of points. The data include several long
curves up to 10,000 vertices. The approximation data con-
tain M = 8483 linear segments corresponding to the reduc-
tion ratio of N: M =20: 1. Calculation of the result even for
one 10,000-vertex object (finding 10,000 optimal solutions)
with full search algorithm takes hours of computation. The
memory requirements are also very high (about 600 Mbytes
for the single 10,000-vertex curve). With the current hard-
ware, we cannot perform the approximation of this data with
the full search algorithm.

already after the first iteration ify = 1.3 s. The final results
(F3=100% was achieved after three iterationslig=2.8 s
instead of 86 s with the full search algorithm.

In the Split-basedalgorithm, the fidelity of the initial so-
lution is Fo = 13.9%(Tg = 0.2 ). After one run of the opti-
mization procedure with¥ = 10 the vector data is approx-
imated with fidelity F; = 50.3% in 71 = 1.0 s. The fidelity
of F15=99% is reached after 15 iterations#hs = 12.0s,
and the optimal result after 20 iterationsipg = 14.6s.

For obvious reasons, the fidelity Bfandominitial solu-
tion is very small(Fy = 0.3%). Nevertheless, optimal result
(F21=100% was reached after 21 iterationslipy =19.7 s.

Next we find approximation of the test data #4 with it-
erative reduced search using corridor width= 10 (see
Fig. 9). As the algorithm converged to the same result with
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Fig. 8. Approximation results (fragment) for test data #3: (a) initial approximation $lit-basedalgorithm (E = 892 158); (b) initial
approximation withMerge Lo algorithm (E = 173 362); (c) final result(E = 124, 093); (d) fidelity of the approximation as a function of
time. The initial solution is obtained witierge L, (triangles),Split-based(circles), andRandom(squares) algorithm.
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Fig. 9. Fragment of test data #4: (a) initial approximation v8lit-basedalgorithm (E =57.12); (b) initial approximation withMerge L2
algorithm (E =32.89); (c) the final resul{ £ =19.76); (d) fidelity of the approximation as a function of time. The initial solution is obtained
with Merge Lo (triangles),Split-based(circles), orRandom(squares) algorithm.
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Table 1
Fidelity and time (seconds) for the 1st iteration and final results for the test data #3 (a) and #4 (b). The initial approximation is obtained
with Merge L, approach

1st iteration Final result
Fidelity (%) Time (s) Iterations Fidelity (%) Time (s)

(a) #3

w=4 98.4 0.6 8 99.7 2.3
W=6 99.5 0.9 5 100 2.4
W=8 99.8 11 4 100 2.7
W =10 99.95 1.3 3 100 2.8
W =12 99.99 1.6 3 100 3.3
W =14 99.99 1.8 3 100 3.7
W =16 100 2.1 2 100 3.8
W =18 100 2.4 2 100 4.3
W =20 100 2.7 2 100 4.8
(b) #4

W=4 97.5 5.6 24 99.5 19.9
W=6 98.9 7.5 10 99.9 26.0
W =28 99.4 10.0 8 100 29.9
W =10 99.6 12.8 6 100 36.7
W =12 99.7 16.2 5 100 43.8
w=14 99.8 19.6 5 100 49.0
W =16 99.9 23.3 5 100 57.3
W =18 99.9 27.7 4 100 62.3
W =20 99.9 32.1 3 100 72.1
Table 2

The minimum number of iterations and the corresponding run times in which the algorithm reaches certain fidelity level with the test data
#3 (a) and #4 (b). The initial approximation is obtained with 8mit-basedalgorithm

90% fidelity 99% fidelity Final result
Iterations Time (s) Iterations Time (s) Iterations Time (s) Fidelity (%)

(a) #3

wW=4 36 10.3 58 16.0 76 19.5 99.5
W=6 18 8.0 29 12.2 29 15.0 100
w=8 12 75 19 11.6 26 14.4 100
W =10 9 7.5 15 12.0 20 14.6 100
w=12 7 7.2 12 121 20 16.5 100
W =14 6 7.6 10 12.5 16 16.6 100
W =16 5 7.4 9 13.2 16 18.0 100
W =20 4 7.7 7 13.7 16 21.0 100
(b) #4

wW=4 4 12 43 61 67 72 99.2
W=6 2 11 18 49 35 62 99.4
w=8 2 16 10 54 28 81 100
W =10 1 11 8 62 22 92 100
w=12 1 14 7 72 19 104 100
W =14 1 19 6 99 16 116 100
W =16 1 22 5 86 14 127 100
W =20 1 31 4 103 12 156 100
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Table 3
Summary of the fidelity and the processing times (seconds). The initial approximation is obtainddengtal, algorithm; corridor width
W =10
Set N K M Merge-Lp Reduced search Full search

Fidelity (%) Time (s) Fidelity Time (s) Fidelity (%) Time (s)
#1 5004 1 100 53.5 0.02 100 21 100 169.2
#2 445 4 33 82.5 <0.01 100 0.02 100 0.03
#3 38924 569 7784 71.6 0.30 100 2.8 100 86.0
#4 169673 365 8483 59.9 2.30 ~ 100 36.9 N/A N/A
Table 4

Summary of the fidelity and the processing times (seconds). The initial approximation is obtain@plitithasedalgorithm; corridor width
W =10

Set N K M Split-based Reduced search Full search

Fidelity (%) Time (s) Fidelity (%) Time (s) Fidelity Time (s)
#1 5004 1 100 41.1 0.03 100 21 100 169.2
#2 445 4 33 5.0 <0.01 100 0.06 100 0.03
#3 38924 569 7784 13.9 0.19 100 15.0 100 86.0
#4 169673 365 8483 34.6 1.50 ~ 100 92.7 N/A N/A
Table 5

Summary of the fidelity and the processing times (seconds). The initial approximation is obtaindRlawitbmalgorithm; corridor width
W =10

Set N K M Random Reduced search Full search

Fidelity (%) Time (s) Fidelity (%) Time (s) Fidelity Time (s)
#1 5004 1 100 2.4 <0.01 100 2.1 100 169.2
#2 445 4 33 0.2 <0.01 100 0.02 100 0.03
#3 38924 569 7784 0.3 <0.01 100 19.7 100 86.0
#4 169673 365 8483 0.1 <0.01 ~ 100 829.0 N/A N/A

all parameter value® = 8-32, we expect that it is also the
optimal solution.

With the Merge L, approach, the fidelity of the initial
solution is Fg = 59.9%(Ty = 2.39). The fidelity after the

From comparisons of the three different initialization
strategies we can see that the number of iterations and
processing time mostly depends on how close the initial
distribution is to the optimal one. The quality of the ap-
1st iteration isF1 = 99.6% in 71 = 12.8s, and the final proximation of a single object is not so critical because it
result(Fg=100% was achieved after six iterations g = can be greatly improved by 2-4 runs of iterative reduced
36.9s. Since the solution of the full search algorithm is not search algorithnj48] applied to the objects individually for
available, the fidelity is calculated in these cases relative to the current distribution.
the best solution found. The effect of the corridor widthW is reported in

For the Split-basedalgorithm, the fidelity of the initial Tables 1and 2 as the number of iterations (and running
solution isFy=34.6%(Tp =1.59). The fidelity F1 =89.5% time, respectively) needed to obtain approximation with fi-
was reached71 = 129 after the first iteration, and near-  delity of 90, 99%, and the final result, respectively. The use
optimal result with the fidelity ofFg = 99% was achieved of a wider corridor increases the processing time of a single
after 8 iteration§7g =68 9. The final solution was obtained iteration but, at the same time, decreases the total number of
after 22 iterationg72o = 93 9. iterations needed. The overall results are roughly equal for

The fidelity of Randominitial solution is Fo = 0.1%. It most of the parameter values tested in respect to the time-
takes 110 iterations an@ly19 = 829s to converge to the  distortion performance. The exceptions are the smallest pa-
same approximation as with tt&plit-basedand Merge Lo rameter valuesW =4-6), which do not always result in the
methods. optimal solution although quite close anywéy > 99%).
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On the basis of the results, we recommend parameter value References

W =10 and conclude, that the exact choice of the parameter
is not crucial for the performance of the algorithm.
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