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ABSTRACT Lin—Kernighan—Helsgaun (LKH) heuristic is regarded as the state-of-the-art solution for large-
scale traveling salesman problems. Its key components are the k-opt heuristic and the neighborhood graph
to speed up the local search. Less attention has been paid to the initialization and its effect on optimization.
In principle, any heuristic could be used. However, the problem is that even simple greedy algorithms have
quadratic time complexity. An obvious idea is to utilize the neighborhood graph, similar to what is done in
the optimization stage. In this paper, we compare candidate graphs and initialization algorithms from the
literature and methods implemented (but not documented) in the LKH package. We aim to answer through
benchmarking which candidate graphs and initialization methods work well, and how much the choices

matter for local search optimization.

INDEX TERMS Euclidean TSP, traveling salesman problem, candidate graph, heuristic, initialization,

optimization, local search.

I. INTRODUCTION

The Traveling Salesman Problem (TSP) is one of the most
fundamental NP-hard problems in combinatorial optimiza-
tion. In its most general form, TSP is defined as a weighted
graph G = (V, E), where the objective is to find a minimum-
cost Hamiltonian cycle that visits each vertex exactly once
and returns to the starting point. Because the edge weights
may be arbitrary, the general TSP captures a wide range of
routing and sequencing applications, but it is also difficult to
approximate and solve optimally for large instances.

A more restricted variant is the metric TSP (mTSP),
in which the edge weights satisfy the triangle inequality. The
mTSP admits stronger approximation guarantees than the
general problem, most notably the Christofides algorithm [1],
[2], which achieves a 3/2-approximation bound under the
triangle inequality.

An even further restriction on the problem, called the eTSP,
states that the underlying graph is complete and the points are
located in a d-dimensional plane. The distances are measured
using the Euclidean norm. This inevitably leads to eTSP
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being a special case of mTSP. The 2-dimensional eTSP is the
variant considered in this paper.

While the general TSP and mTSP lack geometrical
structure, the approximation of eTSP is made substantially
easier through the abuse of these structures. Discoveries by
Arora [3] and, coincidentally, Mitchell [4] proved that a
polynomial-time approximation scheme (PTAS) exists for
eTSP, i.e., thata (14 1/c)-approximation for eTSP is possible
in O(n(log n)®©) time. This means that, while being an NP-
hard problem, the approximability of eTSP is much more
achievable.

The bounds and dimensionality requirements have been
improved in many subsequent works. However, these results
are highly theoretical and have not been deployed suc-
cessfully in practice. Arora’s PTAS was attempted in [5],
but the theoretical advantages were lost to implementation
details. Even in the original work by Arora [3], it is stated
that on random instances, which is a frequent testbed for
experimental work on the TSP, the algorithm will probably
not perform better than Karp’s algorithm [6].

Besides the more theoretical methods, exact solution
methods also exist. A brute force approach takes O(n!) time
by enumeration of all possible paths. This was improved to
6(n*2") in [7] and [8] by a dynamic programming approach.
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However, these approaches are ineffective for any problem
besides those of a trivial size. The state-of-the-art exact solver
for symmetric TSP is Concorde [9], [10], which uses a
branch-and-cut framework to compute optimal tours. As an
exact solver, Concorde is highly effective, as it is capable
of solving medium-sized instances relatively fast. However,
in larger instances such as the pla85900 (85,900 cities), the
inefficiency is apparent. It was estimated that the solution
took approximately 136 CPU years of computing time [9].
An approximation of 0.21 x 1.24v" for Concorde’s runtime
was made in [11].

The final type of solvers are heuristics, which are practical
methods for obtaining high-quality solutions without approx-
imation guarantees. State-of-the-art approaches for large
Euclidean TSP instances rely on heuristics and local search
methods, which typically produce near-optimal solutions
within reasonable computation times. The most famous
method is the Lin—Kernighan algorithm, proposed in 1973,
which is based on edge exchanges and can be viewed as a
variable-k extension of k-opt local search [12]. In a standard
k-opt move, k edges of the tour are replaced with k new
edges to obtain a shorter tour. Lin—Kernighan generalizes this
idea by adaptively choosing the number of exchanged edges
during the search.

The Lin—Kernighan algorithm was later refined by Hels-
gaun into the LKH solver [13] (report available in [14]).
Among other improvements, LKH introduced a 5-opt-based
move structure. Helsgaun further improved the method in
LKH-2 by introducing general k-opt submoves and other
refinements to the search procedure [15] (also in the
report [16]). All further references to LKH refer to this
implementation, which is available online [17].

Another recent implementation of local search with k-opt
moves, called Sys2to6, was presented in [18]. However, the
approach appears to be slightly less effective than LKH.
The paper reports that the method outperforms LKH on
clustered instances, but this advantage does not hold under the
parameter settings and LKH configuration used in this paper.
The same instances are optimized here with better outcomes
for LKH in all instances, suggesting that the comparison was
affected by the chosen parameter settings (see Sec. V-D for
results).

The speedup of local search is a key aspect of making
the heuristic efficient. In the simplest implementation of
k-opt moves, n* different combinations of edges have to
be considered, making the approach unsuitable for large
datasets [14]. LKH and other solutions have paid attention
to this, and candidate graphs are used to limit the search.
The candidate set (set of neighboring nodes) for each point is
constructed using a suitable approach to decide their chances
of belonging to the solution. This way, the heuristic can
be focused on finding edge exchanges in these localized
neighborhoods. A visual example of performing k-opt on
random edges and the problem with it is presented in Fig. 1.

Local search starts with an initial solution, making it
another design choice in these heuristic algorithms. We next
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FIGURE 1. Breaking random far-away pairs of edges is rarely good (red).
Most improvements are found by making changes in small, localized
neighborhoods and breaking non-candidate edges (green).

recall existing traditional initialization heuristics. Perhaps the
most significant of them, the nearest neighbor heuristic, has a
straightforward idea. Starting from a random point, we select
the nearest unvisited point and continue the tour there. The
process is repeated until there are no unvisited points. This
heuristic and its closely related variant, DENN (double-
ended nearest neighbor), were analyzed, for example, in [19].
Many other heuristics, such as insertion heuristics (nearest,
furthest, cheapest, random), space-filling curves, greedy,
double minimum spanning tree, and many more, have been
introduced in the literature [9], [20], [21].

The problem with the traditional approaches is their often-
occurring O(n?) time complexity. In addition to optimization,
the candidate graph can also be used for constructing the
initial tour. In LKH, this has been considered, and different
variants using candidate graphs have been implemented.
Different approaches can be used when utilizing the graph for
initialization. These design choices and another fast graph-
based variant were analyzed in a recent study [22]. Another
graph-based variant called GrebCap was introduced in [18].
A promising fast non-graph-based variant, the Pair-center
algorithm, was developed in [23].

There are different variants for the initialization step of
local search, but the research on their effectiveness as part
of the optimization is limited. One publication states that
local search is typically improved by applying a heuristic
instead of random initialization [24]. The outcome was
that the final tour was generally better when the heuristic
initialization algorithm was used. However, it was noted
that the random starting point gave the best solutions when
very long computing times were allowed through repeated
local searches. It is still an open question whether there are

116125



IEEE Access

J. Tuononen, P. Franti: How to Initialize Euclidean TSP for Local Search and Does It Matter?

differences when many initialization methods are compared,
which is addressed by this paper.

Large-scale TSP requires fast algorithms that operate in
sub-quadratic time. A recent publication studied this in
the context of the so-called Santa Claus challenge, where
an instance of 1.4M points was given to solve within an
hour time limit [25]. Design choices were analyzed, and
the LKH approach was found to be the most promising.
Inspired by that, this paper takes the work further by testing
many combinations of candidate graphs and initialization
algorithms. These are mostly implemented within LKH, but
a few additional initialization options are considered. LKH’s
optimization procedure has been documented in detail, but
these components and their effectiveness have not been
shown in practice.

Besides the traditional methods, which are the focus of this
paper, deep learning methods have also been attempted in
the context of TSP, for example, in [26]. However, that work
states that the approach still falls short of standard Operations
Research solvers. More notably, [27] introduced NeuroLKH,
where the effective LKH search strategy is retained, but
the candidate set generation and node penalty estimation
are handled using a deep learning approach. This leads to
a highly effective hybrid method. However, generalizability
remains an important question. The largest TSP instances
tested in [27] contain 5,000 points, and it is still unclear
how well the approach would work on substantially larger
instances, such as the multi-million-point datasets considered
in this paper. Additionally, the LKH baseline settings used in
that work rely on the alpha candidate set, which, based on the
results of this paper, may not be the best design choice for
Euclidean instances.

The purpose of this paper is to analyze the role of
different candidate graphs and initialization algorithms in
local search for the Euclidean TSP. The main contribution
is to provide insight through extensive benchmarking, and
the paper provides a practical guide for efficient local
search optimization. The results show that the choice of
candidate graph has a moderate impact on both graph-
based initialization and the final tours obtained with LKH.
In contrast, the choice of initial solution has only limited
significance, as different starting solutions often lead to
nearly identical final tour lengths. In practice, shorter initial
tours are expected to improve optimization efficiency, since
fewer edge exchange moves should be needed to reach a
high-quality solution. The results are also analyzed from this
perspective.

The paper is organized as follows. Section II describes
different candidate graphs, and different initialization algo-
rithms are considered in Sec. III. Section IV summarizes
the parameters that are given to LKH for optimization, and
Sec. V analyzes the impact of using different candidate sets
and initialization algorithms in LKH optimization. Section VI
concludes the findings of the experiments and summarizes
which approaches work effectively.
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Il. CANDIDATE GRAPHS

Candidate graphs are a way to limit the search space to
consider edges associated with each node instead of all edges
between all points. The variants in LKH are based on the
Delaunay graph [28], quadrants [29], and their combination.
Two variants, named Delaunay and Delaunay Pure, are pre-
sented in the implementation, utilizing the Delaunay graph.
LKH also implements nearest neighbor, alpha [13] (based
on alpha-nearness), and Partial Optimization Metaheuristic
Under Special Intensification Conditions (POPMUSIC) [30]
candidate graphs. This means that we are analyzing a total
of seven LKH graphs. It is important to note that, excluding
alpha and POPMUSIC, the other candidate graphs can only
be used for instances given by coordinates, i.e., they are
mapped to some space. The two mentioned candidate sets are
applicable in general, as noted by the author of LKH.

Dots-4345
n=29 .
134 edges <

13
X

FIGURE 2. An example of the Delaunay graph for a Mopsi dots instance.
Edges are formed if any three points form a circle where no other point
lies. Each of the edges can be traveled in both directions.

The Delaunay graph is based on the Voronoi diagram,
which divides the space by drawing borders between the
points so that it corresponds to the nearest neighbor mapping
of every space point to its nearest reference point (node).
Each node conquers its region in this space. Connecting
neighboring nodes creates a so-called Delaunay triangulation,
and the graph created from these connections is called
the Delaunay graph. While the size of the graph can
become overwhelming in higher-dimensional spaces, it can
be constructed in O(nlogn) time in 2-D space. An example
of a Delaunay triangulation is given in Fig. 2. The Delaunay
averages six candidates per point on bigger datasets [18].
Small instances have a higher proportion of points along the
edges where fewer connections are made.

The candidate graphs generated by LKH are given in
Fig. 3. Note that by default, the LKH sets are considered
as non-symmetric graphs. The standard Delaunay graph is,
by definition, a symmetric graph. However, LKH prunes the
edges with its maximum candidates setting, which is set to
five by default. The difference between the two Delaunay
graphs in LKH is that for Delaunay Pure, the optional suffix
pure was used. It is noted in the user guide that the suffix
should force the candidate graph generation to only use
Delaunay edges. However, both of the LKH variants are
augmented with additional edges when compared to the
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FIGURE 3. Different candidate graphs generated by LKH. The maximum number of candidates was specified to be five (default value). Subgradient
optimization can be used to tune the candidate set. Blue numbers indicate the total number of edges. The subgradient optimization applies to

POPMUSIC but does not change the structure, only the costs of the edges.

Delaunay in Fig. 2. Presumably, this is done when the number
of edges for the given node is under some threshold.
Johnson has suggested using quadrant-based neigh-
bors [29]. The set is generated by selecting the least costly
neighbor edges from each of the geometric quadrants around
the node. This equates to a maximum of four edges in 2-D
space, where each edge is taken from the quadrants given by
pairs (X, y), (X, -y), (-X, -y), and (-x, y). The documentation
of LKH states that if this does not grant enough edges, the
candidate set is augmented by the nearest remaining nodes.
This means that at least one of the edges is always augmented
this way, given the requirement of five candidates. The
quadrants have been found useful in clustered instances [15].
The Delaunay and Quadrant combination graph is a
straightforward one. The candidate set of Delaunay is
augmented with the Quadrant graph by a simple union. This
way, the strengths of both graphs can be combined. Delau-
nay offers a consistent structure, while quadrants provide
additional connections in clustered instances. Helsgaun’s
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submission in [25] considered a combination of a maximum
of five Delaunay and four quadrant neighbors. In that
work, it was noticed that the application of the complete
Delaunay graph outperformed the combination by a slight
margin. However, as suggested by the author via personal
communication and confirmed by testing, a combination of
four Delaunay and quadrant neighbors slightly outperforms
both variants, as seen in the results. This variant is used by
default throughout the results when the graph is not explicitly
mentioned.

The alpha candidate set based on a measure called
alpha-nearness was advocated by Helsgaun [13]. The alpha-
nearness value measures the increase in cost when a minimum
1-tree (a minimum spanning tree with one additional edge,
which creates a cycle) is forced to contain an additional edge.
This means that if the edge is part of the minimum 1-tree,
it is given an alpha-nearness value of zero. The measure was
shown to be effective when compared to the nearest neighbor
candidates. The alpha measure was made even more effective
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by applying a transformation to the original cost matrix with
subgradient optimization [31]. The drawback with the alpha
candidate set is the O(n?) time complexity of the method,
making it unusable with large datasets.

The subgradient optimization part can also be applied
to candidate sets that are compatible with the minimum
I-tree structure. The method computes node penalties,
which modify the edge costs used in the minimum I-tree
calculations. Since this measure is based on minimum 1-trees,
it does not apply to the Quadrant and nearest neighbor
candidate sets, since they do not preserve the required
minimum 1-tree structure. The Delaunay graph, on the other
hand, can be used because it contains the Euclidean minimum
spanning tree. The determination of the penalties is called an
ascent and is controlled by the parameter INITIAL_PERIOD.
The default value is n/2, where n is the number of points,
but this becomes time-consuming for large datasets. For
example, for 1.4M points, ascent with INITIAL_PERIOD set
to 100 takes approximately eight minutes.

The POPMUSIC candidate set is based on work in [32],
where a meta-heuristic was developed to tackle various large
combinatorial problems. Later, the approach was specifically
adapted to TSP as a method for candidate set generation [30]
and as a general heuristic solution [33]. The basic idea is
to optimize sub-parts of solutions that form the complete
path. This is done by randomly sampling a small subset of
points (seed points, default = 10) and optimizing a route
through them. The remaining points are then associated with
each of the nearest seed points. This is done recursively
until the loosely clustered groups reach a small size and
can be optimized entirely. Finally, the complete tour is
improved by optimizing sub-paths of consecutive points. The
candidate set is formed by generating many POPMUSIC
solutions (default = 40) and adding the edges that belong
to the solutions to the candidate set. The candidate set is
then trimmed to include a maximum of five candidates for
each point. The process is generally fast with an empirical
complexity lower than quadratic, and it can be applied to
any type of data, making it a suitable approach to generating
candidate sets.

Finally, the k-nearest-neighbor (KNN) candidate set con-
sists of the k least costly neighbor edges, which can be
calculated efficiently using the k-d tree data structure [34].

An overview of the number of edges generated for all
candidate sets in a large-scale instance is given in Table 1.
The Delaunay variants would normally form approximately
six candidates per point [18], but they have nearly five edges
instead because of the limitation to five candidates. The
addition of quadrant neighbors provides a small number of
additional edges. Quadrant and KNN graphs form exactly
five edges per point. The POPMUSIC candidate set is slightly
less dense with 4.76 edges per point.

Some other considerations for candidate graphs could be
the Gabriel graph [35] and its heuristic variant, the XNN
graph [36]. The Gabriel graph is a subgraph of Delaunay [37],
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making it possibly too sparse for 2-D instances, but it would
also make it a better option in higher-dimensional spaces.
Regarding the XNN graph, it was shown in [36] that 97%
of the links in the optimal TSP path are included in the XNN
graph. However, this was only proven for five instances of the
TSPLIB dataset with a modest number of points, so additional
analysis is needed for its suitability.

Il. INITIALIZATION ALGORITHMS

Most traditional initialization methods are slow, requiring at
least O(n?) of work. Candidate graphs can be used during
initialization as well to make faster methods. Initialization
with graphs requires multiple design choices that affect the
algorithm’s functionality. An overview of the choices is given
in [22]. The choices are divided into four different categories:
selection strategy, fragments (yes or no), choice of graph, and,
in some cases, the dead-end strategy.

TABLE 1. The number of candidate edges in LKH graph variants in the
Santa instance (n = 1,437,195). Edges* column shows the effect of
subgradient optimization (initial period = 100).

ES
Candidate graph Edges Edges

Total Per node Total Per node
Delaunay 8,619,818 6.00 n/a n/a
Delaunay LKH 7,086,635 493 7,164,826 4.99

6,960,335 4.84
7,332,180 5.10

6,960,335 4.84
7,407,064 5.15

Delaunay Pure
Delaunay + Quadrant

Quadrant 7,185,975 5.00 n/a n/a
KNN 7,185,975 5.00 n/a n/a
POPMUSIC 6,843,858 4.76 6,843,858 4.76

Selection strategy refers to the way the edges are
chosen during the search. In the traditional nearest neighbor
approach, this is simple: the next edge to use is the nearest
neighbor of the current node. The second choice is the use of
fragments. Some approaches make use of multiple fragments
to build multiple separate paths simultaneously [21]. The
third choice is the selected graph, which affects the edges that
are used during the process. Finally, when using the multiple
fragments approach and depending on the approach, there
might be a case where the approach has come to a halt, but we
still have unconnected fragments (dead-end). The fragments
can be connected in multiple ways. These approaches are
called nearest neighbor, re-graph, and full search [22]. There
is also another potential step called fragment merging, where
small fragments are connected to bigger fragments before the
dead-end strategy is used.

Subsection III-A describes initialization algorithms based
on candidate graphs. Subsection III-B presents fast TSP
initialization methods that do not use candidate graphs. Most
of these methods are evaluated in the experiments.

A. INITIALIZATION ALGORITHMS WITH CANDIDATE
GRAPHS

The problem with many of the traditional approaches is
that they require at least O(n”) of work. This is acceptable
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for datasets up to a medium size, but becomes useless
for large-scale datasets. One way to address this problem
is to use a candidate graph. The search space can be
limited to only considering the edges in the candidate graph
(neighborhood graph) instead of all points. K-d trees have
also been suggested to speed up nearest-neighbor searches
for some of the traditional algorithms [21]. In this work,
we focus on different graph-based approaches, especially
those that are part of the LKH package [13]. The rest of this
section explains all the variants implemented in LKH. They
have slight variations in comparison with those described
in the literature, but retain the same names. One of the
key differences is that the nearest neighbor calculations are
always done using the candidate graph.

The greedy implementation in LKH is explained in the
following. In the first step, the nearest neighbor for each node
is calculated. Each node and the corresponding shortest edge
are placed into a min-heap structure. The nodes in the heap
are then processed in ascending order. When a node is popped
from the heap, it is added to the tour via the shortest edge
stored. If the node has a degree less than two, a new nearest
neighbor is found, and the node is reinserted into the heap.
The nearest neighbor is calculated by doing a breadth-first
search on the candidate graph if immediate neighbors are not
available.

The nearest neighbor in LKH works like the traditional
nearest neighbor approach, but it uses the candidate graph
and adds randomization. The method starts from a random
node and then continues to the nearest node until all nodes
have been visited. The nearest neighbor calculation is done
again by doing a breadth-first search on the candidate graph.
The randomization is added by using the most favorable edge
only 2/3 of the time. This provides a variation of tours, which
is favorable for the restart of local search. However, the path
length will also be longer because the solution will include
unfavorable edges during the building process.

The Boruvka approach is inspired by the old MST
algorithm [38], which was then adapted to TSP by [9]. Similar
to the greedy approach, the first step includes calculating the
nearest neighbor for each node. Instead of using a heap for the
processing, the edges are simply sorted as a list and processed
in that order. The edges are used to build fragments as long as
we are not creating branches or cycles. The key difference to
greedy is that the list is not updated, resulting in unconnected
fragments. The process is repeated until all the fragments are
connected. The new round includes only the nodes that have
a degree of less than two.

Quick-Boruvka (Q-Boruvka) is reported somewhat differ-
ently in different sources. In [20], the method is explained
to have an arbitrary fixed order, while the author states
that the nodes are processed in the order of their first
coordinate [39]. Nevertheless, the LKH implementation starts
by sorting the nodes by their x-axis. This is the key difference
of the method: Boruvka sorts the nodes by the distance
of the nearest neighbor link, and Q-Boruvka sorts them by
the x-axis. Additionally, in Q-Boruvka, the same node is
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processed immediately again if the node’s degree is not two.
Finally, in Boruvka, the approach is repeated until we have
one complete path. It is stated that two passes through the
points are enough to obtain a full path with Q-Boruvka [20].
The LKH implementation for Q-Boruvka does not use repeats
but instead relies on the dead-end strategy (see the start of the
section) to connect the fragments, which is the same as the
greedy approach. The nearest neighbor search is done from
the list of all available fragment endpoints in this case.

In [13], Helsgaun introduced a pseudo-random initial-
ization method. The publication does not give it a name.
However, the code package refers to it as WALK, which is
the terminology we will be using. Helsgaun’s idea behind
the algorithm was that the approach should be randomized to
have diverse initial solutions. This way, the optimization pro-
cess should find different local optima between subsequent
runs. The method is a randomized nearest-neighbor approach
with a deterministic element. The candidate edges are chosen
if they are usable in the neighborhood. The following pseudo-
code explains the approach:

Walk:

Choose a random node i.

Repeat

Choose an unused node i:
If possible, choose j such that:

(i,j) is a candidate edge,
a(i,j) =0, and
(i, j) belongs to the current best tour.

Otherwise, if possible, choose j such that

(i, ) is a candidate edge.

Otherwise, choose j among the nodes

not already chosen.

Until all nodes have been chosen.

The final graph-based method is from recent literature
called Delaunay greedy FM [22], which is another type of
greedy tour generator. The work was inspired by [40], where
two simple variants of tour generation were experimented
with by using the Delaunay graph.

The approach has three steps. The first step is to process
all the edges of the candidate set in ascending order. The path
generation allows the use of fragments, and each edge is used
to extend them if the connection rules allow it. The first step
will result in many separated fragments. The second step is
to connect small fragments to nearby fragments (fragment
merging), as this was noticed to both make the process
slightly faster and to provide shorter tours. The final step is
to connect the ends of fragments to form a single tour.

B. OTHER INITIALIZATION ALGORITHMS

In addition to the graph-based initialization methods, we next
consider a few other fast initialization methods from the
literature. Space-filling curves have been considered in [41].
Moore [42] and Sierpiniski [43] curve variants are imple-
mented in the LKH software. The idea of space-filling
curves is to divide the space into four quadrants, which are
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recursively divided further until every node has its own cell.
The cells are indexed, and the space-filling curve travels
through the cells according to the order created by this index.
The TSP path is obtained by sorting the nodes according
to their index (order in this curve), which requires only
O(nlogn) time.

POPMUSIC initial tour is a byproduct of generating the
POPMUSIC candidate graph. The candidate graph is built
by generating many POPMUSIC TSP solutions (default =
40). One option for the initialization is to use the best tour
generated by this method. The POPMUSIC implementation
in the LKH package provides tours that are generally 10-20%
from the optimum [30]. The results here show that on smaller
datasets it can be lower, but can go as high as 35% on the
large Santa instance. The POPMUSIC initial tour is always
combined with the use of the POPMUSIC candidate set in
the results.

Another promising method we consider is the Pair-center
method by Formella [23]. The basic idea of the algorithm
is a two-step process. In the first step, the clustering phase,
a binary tree is created by repeatedly merging the closest
pair of points and replacing them with their center point.
This process is continued until only a single center point
remains, which forms the root of the tree. The original
points are located at the leaves. In the second step, the
construction phase builds the tour by traversing the binary
tree starting from the root. In each step, a point is replaced
by the two points that formed it, slowly building up the
complete tour. The algorithm provides excellent tours for
initialization standards and is thus included in the analysis.
There are different versions of the algorithm depending on
the implementation details. We selected the PCk variant as it
seems to have the best trade-off between speed and quality.

The last method we consider is a completely random initial
solution, i.e., a random tour made by shuffling the order.
In the work by Perttunen [24], the random initial solution was
compared to a heuristic initial solution. The outcome was that
the heuristic initial solution performed better in the majority
of cases.

IV. LKH PARAMETER SETTINGS

The LKH package is regarded as the state-of-the-art heuristic
optimizer and is therefore used to evaluate the effectiveness
of different initial tours. The default settings for LKH are
tuned to be suitable for small to medium-scale instances.
However, with these settings, it is extremely impractical to
solve large-scale instances. There are a few reasons for the
reduced efficiency. The default candidate set is defined as the
alpha candidate set, which has a quadratic time complexity.
Therefore, better performance can be gained by changing the
candidate set.

Another limiting factor is the local search performed
through k-opt operations, and two important parameters
related to this are max trials and max swaps. The max trials
setting determines the number of attempts to improve the tour
using the Lin-Kernighan search procedure [44]. As such, this
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parameter controls the length of the optimization process.
However, the use of this parameter is avoided in most of the
experiments, since trials can take different amounts of time
depending on the other settings, such as the candidate set
and the initial solution. The max swaps parameter specifies
the size of the swap stack, which is related to how the k-opt
operations are implemented as a sequence of 2-opt moves,
or flips. Therefore, it should be set to a sufficiently large
static value so that it does not interfere with the optimization
process, while also avoiding unnecessary memory usage.
By default, the value is based on the number of points.

The tuning of the max trials parameter can be
largely avoided by giving LKH a fixed time limit using
the TIME_LIMIT or TOTAL_TIME_LIMIT parameters. The
former sets a time limit only for the optimization, whereas the
latter also includes candidate set generation and initialization.

To allow a fair comparison between the TSPLIB instances,
the following strategy was used. Since trials have varying
lengths and different amounts of trials are needed in runs,
they cannot be relied on directly for allocating computation
time. Instead, TOTAL_TIME_LIMIT was used by limiting
the total time to one minute per instance on average and
distributing this time across the instances according to a
quadratic distribution. This choice is motivated by [14],
where the average running time of the algorithm is noted to be
approximately O(n>2). The distribution was also constrained
so that every instance received at least one second of runtime.

Finally, by default, the LKH package runs the optimization
multiple times, given by the “RUNS” parameter (default =
10). This is beneficial as different local minima are likely
reached with each run. The parameter was kept at the default
for small-scale TSP, as runtime poses no issue in these cases.
The value was changed to one for TSPLIB and large-scale
TSP instances, and repetition was done manually by running
LKH many times with different seeds.

The collection of parameters used in the experiments is
given in Table 2. The values for the initial tour algorithm,
candidate set type, and initial period are changed throughout
the experiments. For the Mopsi dots dataset, the other
parameters are kept as default, as the optimization is fast.
However, LKH does not allow the solving of open-loop TSP
by default, so a special version of LKH was used to gather
these results (used in [25]).

For large-scale instances, we consulted the author of the
software regarding efficient parameter configurations. The
key point here is to set the total time limit to one hour to allow
a fair comparison between the methods, as well as setting max
swaps to 1000. It is important to note that the non-tabulated
results always use the Delaunay and Quadrant combination
as the default candidate set with subgradient optimization set
to 100. Max candidates and extra candidates are set to four
in these instances. Finally, a recombination option named
CLARIST was used by recommendation from LKH’s author,
which applies a crossover operation between trials to find
alternative tours. Other options include GPX2 and IPT, which
may affect the results [45].
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TABLE 2. The main parameters for LKH. The experiments were produced with default values for the Mopsi dots dataset. The results include different
combinations of candidate set types, initial periods, and initial tour algorithms. The extra candidate parameter is used when the combination of Delaunay
and Quadrant is applied. In these cases, the max candidates is also set to four.

Parameter Default | Mopsi Dots TSPLIB Large-scale TSP
INITIAL_TOUR_ALGORITHM WALK varies varies varies
CANDIDATE_SET_TYPE ALPHA varies varies varies
INITIAL_PERIOD n/2 0orn/2 0, 100 or n/2 0 or 100
MAX_CANDIDATES 5 4or5 4or5 4or5
EXTRA_CANDIDATES 0 Oor4 Oor4 Oor4
MAX_SWAPS n/2 n/2 1000 1000
MAX_TRIALS n/2 n/2 - 1000
TOTAL_TIME_LIMIT - - relative to n 1800 or 3600 s
RUNS 10 10 1 1
SEED 1 1-5 1-5 1-5
TABLE 3. Datasets used in the experiments.
Dataset Type Distance | Instances Sizes Reference
Mopsi Dots Open loop Euclidean 6,449 5-31 [47]
TSPLIB Closed loop Integral 78 51-18,512 [48]
VLSI Closed loop Integral 3 238,025-744,710 [49]
Santa Closed loop | Euclidean 1 1,437,195 [25]
‘World-TSP Closed loop GEOM 1 1,904,711 [50]
DIMACS Closed loop Integral 3 316,228-3,162,278 [51]

V. RESULTS

The computational results are gathered by applying different
initialization algorithms while being paired with different
candidate graphs. The main idea is to test the methods on a
variety of datasets to observe their behavior on datasets with
diverse structures and difficulty levels. Size is one of the main
factors in making a dataset more difficult [46].

The details of the used datasets are presented in Table 3.
The datasets are ordered from easy to challenging. The Mopsi
Dots dataset [47] represents easy-to-solve instances that a
good method should handle (nearly) optimally. The classical
decades-old Traveling Salesman Problem Library (TSPLIB)
provides a variety of instances for medium-scale TSP [48].
This paper uses 78 out of the total 111 instances provided
in the library, which corresponds to all 2-D eTSP instances.
Finally, Santa, World-TSP, the three biggest instances from
VLSI, and the three biggest instances (excluding E10M.0)
from the DIMACS challenge represent large-scale TSP,
where the optimal solutions are unknown.

Many other datasets can be found in the literature, but
these were found suitable for the type of testing done in this
paper. For example, one recent work done on initialization
employs ten different datasets [23]. The first three of the
following subsections will analyze the results for each size
category. Section V-D includes a deeper analysis of the effect
of initialization methods on the optimized result through
repeated runs. Section V-E provides brief structural analysis
of initial tours by looking at overlapping edges compared to
a reference tour. In Section V-F, the speed of optimization is
considered.
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A. MOPSI DOTS (SMALL)

The results of applying different initialization methods with
candidate graphs for the Mopsi Dots dataset are presented in
Table 4. The first half of the table shows the results for only
initialization, and the second half shows the results after the
optimization using LKH.

Firstly, the time taken is negligible for any result in
this table, as each instance is handled in 5 to 10 millisec-
onds on average. Regarding the initialization, none of the
applied graph-based methods provide great results without
subgradient optimization. Additionally, many of the graph-
based methods provide similar results compared to each
other when the same candidate graph is used. The selection
of the candidate graph mostly dictates the effectiveness.
The utilization of subgradient optimization gives a clear
advantage to POPMUSIC and alpha graphs.

Other methods not included in the table are Delaunay
greedy FM, Pair-center algorithm (PCk variant), and POP-
MUSIC initial tour, which achieve gaps of 2.18%, 0.81%, and
0.012%, respectively. POPMUSIC has the advantage here as
the method generates dozens of different randomized tours,
of which the best is chosen. The instances are small, and one
of the generated tours is very likely to be close to optimal,
if not optimal.

The results after optimization provide a better view of
which candidate graph works most effectively. In these small
instances, subgradient optimization surprisingly worsens the
final results for several graphs. One possible explanation is
that the resulting candidate sets become less diverse, reducing
the number of available edges for later k-opt moves. However,
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TABLE 4. Results on the Mopsi Dots dataset. Values are percentage gaps compared to the optimal solutions. The first part reports the initialization
results, while the second part reports results after optimization. The candidate sets are also considered with and without subgradient optimization.

Candidate graph
Algorithm  Delaunay LKH Delaunay Pure  Delaunay + Quadrant ~ Alpha  Quadrant ~ KNN POPM
Initial solution
Boruvka 21.23% 21.74% 17.13% 26.23%  20.18% 16.87%  4.30%
Q-Boruvka 35.27% 14.10% 17.19% 5031%  14.93% 13.68%  3.81%
NN 36.35% 24.58% 26.77% 39.52%  26.18%  27.56%  5.52%
Greedy 18.90% 19.72% 16.48% 3457%  2001% 1997% 4.33%
Walk 48.94% 44.82% 51.74% 63.11%  55.89%  66.95% 10.07%
Subgradient optimization = default
Boruvka 2.19% 6.53% 1.94% 0.78 % n/a n/a 0.74%
Q-Boruvka 2.45% 6.69% 2.59% 1.36% n/a n/a 0.77 %
NN 2.36% 6.74% 2.39% 0.72% n/a n/a 0.72%
Greedy 2.04% 6.56% 1.78% 0.72% n/a n/a 0.62%
Walk 11.09% 14.16% 12.17% 10.36 % n/a n/a 4.04%
After optimization
Boruvka 0.179% 0.314% 0.115% 0.232%  0.015% 0.017% 0.013%
Q-Boruvka 0.174% 0.342% 0.116% 0.268%  0.015% 0.017% 0.011%
NN 0.168% 0.321% 0.115% 0.180%  0.016% 0.017% 0.013%
Greedy 0.174% 0.317% 0.115% 0.195%  0.017%  0.017% 0.012%
Walk 0.160% 0.268% 0.115% 0.254%  0.015% 0.016% 0.013%
Subgradient optimization = default
Boruvka 0.790% 4.352% 0.440% 0.013% n/a n/a 0.012%
Q-Boruvka 0.787% 4.350% 0.439% 0.013% n/a n/a 0.013%
NN 0.788% 4.354% 0.440% 0.013% n/a n/a 0.013%
Greedy 0.790% 4.355% 0.440% 0.013% n/a n/a 0.012%
Walk 0.786% 4.339% 0.440% 0.012% n/a n/a 0.013%

this effect was not investigated further. The Alpha and
POPMUSIC graphs provide the best results. The Quadrant
and KNN graphs are also nearly as effective. Nevertheless,
subgradient optimization does not apply to them, and they
are not as effective on the larger datasets.

B. TSPLIB (MEDIUM)

The collection of different initialization methods with
candidate graphs for the TSPLIB dataset is given in two
tables. Table 5 shows the results for initialization, and Table 6
shows the results after optimization using the LKH package.
The results include subgradient optimization on the graph
with initial period = 0 (no optimization), initial period = 100,
and the default (initial period = n/2).

The results for the initialization are roughly the same as
for the Mopsi Dots dataset, albeit somewhat worse. Most
importantly, the subgradient optimization is not as effective
as in the smaller instances. It remains effective, and yields
results below 12% for the best methods in this table, including
Boruvka and greedy. Without subgradient optimization, the
best results are around 20%. The difference between the slight
application of subgradient optimization (initial period = 100)
and the default application is nearly negligible. The variation
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is a 0.5-1 percentage-point improvement in the best case
and a slight degradation in the worst case, depending on the
connections formed during the initialization step.

The time taken for the methods given in Table 5 is as
follows. The initialization time itself is negligible given each
method’s sub-quadratic time complexity (100-200 ms per
instance on average, including the candidate set generation).
Alpha is the only exception because the generation requires
more time. With that candidate set, the initialization takes
nearly three seconds. Additionally, generating the POPMU-
SIC candidate set takes slightly over half a second on average.

The optimization results show that, without subgradient
optimization, POPMUSIC is the best option for the candidate
set, although the difference is only minor compared to
the Delaunay Pure variant, Delaunay + Quadrant, and
the pure Quadrant candidate set. The same conclusion
holds for the case with initial period set to 100, but with
an even smaller margin. When using the default value
for subgradient optimization, the Delaunay + Quadrant
combination provides the best results, although only narrowly
compared to POPMUSIC. The alpha-nearness candidate set
does not perform as well, despite being proposed candidate
set for LKH initially [13].

VOLUME 14, 2026



J. Tuononen, P. Franti: How to Initialize Euclidean TSP for Local Search and Does It Matter? IEEEACC@SS

TABLE 5. Initialization results for the TSPLIB dataset given as gap values. Results are reported for subgradient-optimized candidate sets using values 0,
100, and default (n/2).

Algorithm

Candidate graph

Delaunay LKH  Delaunay Pure  Delaunay + Quadrant Alpha Quadrant KNN POPM

Subgradient optimization = 0

Boruvka 19.97% 20.01% 22.74% 20.78% 20.46% 20.24% 17.40%
Q-Boruvka 23.46% 22.22% 28.08% 23.62% 25.61% 30.55%  21.69%
NN 30.64% 35.67% 41.51% 30.63% 37.32% 31.55% 33.05%
Greedy 18.81% 19.69% 20.86% 19.56% 19.12% 19.55% 18.97%
Walk 124.68% 140.23% 140.54% 118.64% 231.64% 219.30% 13491%
Subgradient optimization = 100
Boruvka 11.65% 12.78% 11.90% 11.34% n/a n/a 12.43%
Q-Boruvka 15.19% 16.17% 20.24% 15.28% n/a n/a 15.92%
NN 17.37% 21.29% 23.78% 16.40% n/a n/a 21.07%
Greedy 11.20% 12.64% 11.99% 11.45% n/a n/a 12.06%
Walk 96.85% 116.17% 109.24% 94.25% n/a n/a 111.19%
Subgradient optimization = default
Boruvka 11.57% 12.58% 11.47% 12.02% n/a n/a 11.81%
Q-Boruvka 15.01% 16.45% 19.10% 16.00% n/a n/a 16.23%
NN 16.45% 20.89% 23.29% 16.69% n/a n/a 19.98%
Greedy 11.55% 12.85% 11.39% 11.94% n/a n/a 11.70%
Walk 94.64% 113.82% 107.76% 93.23% n/a n/a 108.23%

TABLE 6. Optimization results for the TSPLIB dataset given as gap values. Optimization time was limited to one minute per instance on average. Results
are reported for subgradient-optimized candidate sets using values 0, 100, and default (n/2).

Algorithm

Candidate graph

Delaunay LKH  Delaunay Pure  Delaunay + Quadrant ~ Alpha  Quadrant ~KNN  POPMUSIC

Subgradient optimization = 0

Boruvka 0.187% 0.046% 0.050% 0.181% 0.051%  0.650% 0.033%
Q-Boruvka 0.103% 0.038% 0.040% 0.199%  0.054%  0.565% 0.041%
NN 0.135% 0.058% 0.033% 0.220%  0.036%  0.377% 0.040%
Greedy 0.272% 0.041% 0.046% 0.165%  0.039%  0.458% 0.039%
Walk 0.147% 0.040% 0.035% 0.268%  0.046%  0.568% 0.031%
Subgradient optimization = 100
Boruvka 0.050% 0.044% 0.041% 0.071% n/a n/a 0.030%
Q-Boruvka 0.045% 0.036% 0.039% 0.065% n/a n/a 0.027%
NN 0.055% 0.029% 0.048% 0.067% n/a n/a 0.036%
Greedy 0.048% 0.034% 0.038% 0.043% n/a n/a 0.034%
Walk 0.051% 0.029% 0.037% 0.070% n/a n/a 0.035%
Subgradient optimization = default
Boruvka 0.050% 0.029% 0.030% 0.043% n/a n/a 0.036%
Q-Boruvka 0.057% 0.039% 0.034% 0.064% n/a n/a 0.031%
NN 0.038% 0.039% 0.034% 0.047% n/a n/a 0.039%
Greedy 0.047% 0.031% 0.034% 0.044% n/a n/a 0.035%
Walk 0.044% 0.036% 0.027% 0.035% n/a n/a 0.036%

The experimental setup for TSPLIB instances is explained of the instance size. This means that the remaining time

in Sec. IV. In short, each instance is given one minute on available for optimization varies depending on which can-
average to allow a fair comparison across all combinations, didate graph is used. The initialization times are practically
with the time distributed according to a quadratic function equal across initialization methods, and the main differences
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occur during subgradient optimization, which is the most
time-consuming part of the setup process. Subgradient
optimization requires, on average, roughly six seconds for the
Delaunay Pure and POPMUSIC candidate sets, eight seconds
for the Delaunay LKH and Delaunay + Quadrant candidate
sets, and 15 seconds for the alpha candidate set. However,
this time limit is still substantial on average, and most of
the instances are solved to optimality, excluding some of the
larger instances in the dataset.

TABLE 7. Initialization results for the Santa instance. Tour length is given
in kilometers.

Candidate graph
Algorithm  Del Pure  Del + Quad Quad KNN POPM
Subgradient optimization = 0
Boruvka 139471 163132 154614 132712 148403
Q-Boruvka 154409 197 504 189082 156604 176256
NN 179228 243286 231795 142676 206141
Greedy 132460 150480 146858 132065 139550
Walk 455729 513198 5TM 70M 506758
Subgradient optimization = 100
Boruvka 128798 133029 n/a n/a 130399
Q-Boruvka 144222 167 546 n/a n/a 157463
NN 158508 185250 n/a n/a 168 197
Greedy 127038 129775 n/a n/a 127 846
Walk 468314 521043 n/a n/a 525311

C. SANTA AND WORLD-TSP (LARGE)

The result for initialization in the Santa instance is given
in Table 7. The time taken for each entry is not tabulated,
but it solely depends on the candidate graph. Del Pure
and Quadrant graphs are the fastest to generate, and the
resulting initialization is processed in 30 seconds. Delaunay
and Quadrant combination takes one minute, the KNN
graph about 2 minutes, and POPMUSIC is the slowest,
taking around nine minutes. The application of subgradient
optimization is also time-consuming, adding approximately
eight to nine minutes for each candidate graph, depending on
the number of edges.

The quality of the resulting initial solutions varies. The
walk approach results in longer paths. For the other methods,
Greedy achieves the shortest tours, followed by Boruvka
and Q-Boruvka. The other methods provide initial tours
of length 139,647 km (Delaunay greedy FM), 112,767 km
(Pair-center), and 143,239 km (POPMUSIC). These methods
complete the initialization in 17 seconds, one and a half
minutes, and nine minutes, respectively. The Pair-center
algorithm gives a significantly shorter tour compared to
others. The initialization result is only meaningful if it also
provides better paths after the optimization step. The result
of applying both the initialization and optimization steps
for the Santa instance is therefore given in Table 8. Each
result includes the time taken for the initialization, and the
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optimization is applied until a total time of one hour is
reached. Notably, all the results are close to each other, except
that the KNN candidate graph is considerably worse. For the
graph-based initializations, the choice of method seems not to
change the outcome, as the results are very close to each other.
The candidate graph has a slightly more noticeable impact.
All the other results are within a 0.5% gap margin from
each other, excluding the KNN candidate graph with almost
a 9% gap. Delaunay 4 Quadrant and POPMUSIC graphs
give the best results, below 109,000 kilometers. Subgradient
optimization provides only a minor improvement. In general,
the improvement is around 0.2% in the gap value. It is also
important to note that in these cases, optimization starts
approximately eight minutes later.

TABLE 8. Optimization results for the Santa instance. The running time is
fixed to one hour for each method. Tour length is given in kilometers.

Candidate graph
Algorithm  Del Pure  Del + Quad Quad KNN POPM
Subgradient optimization = 0
Boruvka 109523 109 059 109309 118551 109100
Q-Boruvka 109223 109 026 109316 119341 109075
NN 109303 109 057 109228 - 109030
Greedy 109454 109013 109259 118461 109122
Walk 109977 108976 109247 4M 108 956
Subgradient optimization = 100
Boruvka 109 254 108906 n/a n/a 108 883
Q-Boruvka 109090 108816 n/a n/a 108 892
NN 109425 108 852 n/a n/a 108 858
Greedy 109360 108 856 n/a n/a 108 966
Walk 109 585 108817 n/a n/a 108911

The other analyzed methods, Delaunay greedy FM, Pair-
center algorithm (PCk variant), and POPMUSIC initial tour,
provide results of 109,024, 108,993, and 108,833 kilometers,
respectively, after optimization (initial period = 100). These
results are nearly identical to the tabulated results. The best
initialization result obtained by the Pair-center algorithm does
not achieve the best result after the optimization. The overall
structure of the initial tour seems to be more important than
the length.

The results for the World-TSP instance are given in Table 9
as millions of kilometers. The initialization results for this
instance were omitted because the ranking of the methods was
nearly identical to that of the Santa instance. The optimization
results are also nearly the same. For optimization, it is
challenging to determine which initialization to prefer, as they
all yield similar results.

The other analyzed methods, Delaunay greedy FM, Pair-
center algorithm (PCk variant), and POPMUSIC initial
tour, result in lengths of 7536, 7535, and 7548, respec-
tively. Therefore, the tabulated methods are slightly better
after the optimization. The candidate graph selection is
clear. The Delaunay and Quadrant combination consistently
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gives the best result. Although POPMUSIC candidates
performed well in other instances, it is not the best choice
for the World-TSP. Like in the Santa instance, subgradient
optimization is beneficial for World-TSP.

For context, the best-reported tour for the World-TSP
instance has a length of 7,515,755,956 kilometers [50]. This
means that the best result from Table 9 (7,529,618,750), for
example, has a gap of 0.18% to the best-reported tour. It is
essential to note that the tours calculated here were limited
to an hour of computing time. The record was discovered
on February 15, 2021, by Keld Helsgaun, the author of
LKH, and has remained very stable over the years. Only an
improvement of approximately 200,000 kilometers has been
made since 2008. The current best lower bound, found by the
Concorde TSP solver, is 7,512,218,268. This bound shows
that Helsgaun’s record tour has a length of at most 0.047%
longer than the length of the optimal tour [50].

TABLE 9. Optimization results for the World-TSP instance. The running
time is fixed to one hour for each method. Tour length is given in millions
of kilometers.

Candidate graph
Algorithm  Del Pure Del+Quad Quad KNN POPM
Subgradient optimization = 0
Boruvka 7,542 7,548 7,548 7,669 7,546
Q-Boruvka 7,540 7,544 7,546 7,661 7,555
NN 7,552 7,543 7,553 - 7,552
Greedy 7,547 7,543 7,541 7,667 7,549
Walk 7,560 7,544 7,549 12M 7,552
Subgradient optimization = 100
Boruvka 7,550 7,535 n/a n/a 7,537
Q-Boruvka 7,534 7,531 n/a n/a 7,544
NN 7,549 7,530 n/a n/a 7,542
Greedy 7,533 7,533 n/a n/a 7,543
Walk 7,541 7,530 n/a n/a 7,552

D. IMPACT OF INITIALIZATION ON THE FINAL TOUR
The results obtained with different candidate graphs and
initialization algorithms vary, but no single combination
is consistently superior across all datasets. To further
examine the effect of initialization, the candidate graph was
fixed as either the Delaunay + Quadrant combination or
POPMUSIC. Five independent runs of initialization followed
by optimization were then performed on a range of instances.
The LKH package was run on large instances using the
same parameter settings as before, with a total time limit of
one hour. Instances with fewer than one million points were
limited to 30 minutes of runtime. For the TSPLIB dataset, the
computation time was limited to one minute per instance on
average, following the setup described in Sec. IV. Based on
the results reported by Helsgaun, most TSPLIB instances are
solved optimally within this time frame [14].
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The initialization results using the Delaunay + Quadrant
candidate set are presented in Table 10. Switching to
POPMUSIC as the candidate graph during initialization
makes only a minor difference. The initial tours are slightly
shorter for the methods that make use of the candidate graph,
since the POPMUSIC candidate set is slightly sparser and
therefore more selective in which edges are included. The
additional results using POPMUSIC as the candidate set are
provided in Table 16 in the Appendix. The main takeaway
is that the different initialization methods produce tours of
relatively similar quality across the datasets. In other words,
their ranking remains nearly unchanged. Here, the initial
tours mainly serve as a baseline for evaluating the effect of
the subsequent LKH optimization.

The ranking results after optimization are presented in
Tables 11 and 12 for the Delaunay + Quadrant and
POPMUSIC candidate sets, respectively. First, the variation
between runs is very small, indicating that LKH provides
highly stable optimization results. For example, in the Santa
instance in Table 11, the largest variation occurs with
Boruvka, where the best and worst runs differ by 121 km,
corresponding to about 0.1% of the average tour length of
108,874 km. The smallest variation occurs with Q-Boruvka,
where the difference between the best and worst runs is only
48 km.

Second, and more importantly, the choice of initialization
method has only a limited effect on the optimized result.
One could expect shorter initial tours to also lead to shorter
final tours. However, the ranking of the methods changes
considerably when the initialization and optimization results
are compared. The exception is the random initialization,
which performs noticeably worse and is treated as an outlier
in the following analysis.

The main difference is between the two candidate sets.
The Delaunay + Quadrant set performs slightly better
overall, with an average gap of 0.18% across all initialization
methods, compared to 0.21% for POPMUSIC. The best
individual result is also obtained with Delaunay + Quadrant,
where Walk reaches a gap of 0.167%. With POPMUSIC, the
best result is obtained with Pair-center, reaching a gap of
0.180%. The result for Walk is somewhat surprising, since
it produces initial tours that are several times longer than
the best-known tour. Additionally, extending the time limit
could further favor the Delaunay + Quadrant set, since it is
denser than POPMUSIC (Table 1) and is therefore expected
to provide more opportunities for improving moves.

Another notable pattern is that the Delaunay + Quadrant
set favors the longer initial solutions in general and does not
perform best when paired with the shortest Pair-center initial
solution. In contrast, for the POPMUSIC set, the situation is
the opposite. There, the length of the initial tour is a good
indicator of the quality of the final solution, and starting
from Pair-center initialization results in the best optimization
performance.

The key takeaway is that the shortest initial tour does not
necessarily lead to the best final result. Instead, the outcome
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TABLE 10. Ranking of initialization methods when Delaunay + Quad is used as the candidate set. Gap values are reported as percentages relative to the

best-known tours.

Instance Random Walk Moore | Sierpinski NN Q-Boruvka | Del Greedy FM | Boruvka | Greedy | Pair-center
C316k 88.2k 193.84 | 53.49 50.77 56.64 37.51 26.57 20.43 17.65 3.44
EIM 73.0k 34538 | 37.26 34.24 20.93 12.66 13.39 10.41 10.13 477
E3M 130.0k | 477.21 | 37.32 34.28 20.57 12.40 13.24 10.29 10.10 4.70
ARA238025 49.1k 32875 | 46.01 44.24 28.67 19.61 18.07 13.62 12.80 478
LRA498378 89.4k 168.33 | 46.99 47.01 28.83 22.84 16.52 13.29 12.27 6.06
LRB744710 78.0k 461.74 | 44.58 43.32 26.74 18.34 17.48 12.82 11.93 5.14
Santa 367.7k | 384.33 | 69.95 66.72 71.53 54.59 28.81 23.23 19.66 4.01
World-TSP 184.1k | 538.87 | 51.31 49.02 37.42 21.14 17.21 14.65 14.93 4.69
Average gap 1324k | 362.30 | 48.37 46.20 36.41 24.89 18.91 14.84 13.68 4.70
Average rank 10.00 9.00 7.63 6.88 6.50 4.75 4.25 3.00 2.00 1.00

TABLE 11. Ranking of initialization methods after optimization when Delaunay + Quad is used as the candidate set. Gap values are reported as
percentages relative to the best-known tours. *Produced an exceptionally long tour within the time limit; the gap was excluded from the average gap

calculation, while rank 10 was used for the average rank calculation.

Instance Random | Walk | Moore | Sierpinski | NN | Q-Boruvka | Del Greedy FM | Boruvka | Greedy | Pair-center
C316k 0.57 0.29 0.29 0.32 0.31 0.32 0.41 0.30 0.30 0.37
EIM 0.13 0.04 0.04 0.04 0.04 0.04 0.05 0.04 0.04 0.06
E3M * 0.13 0.12 0.13 0.14 0.14 0.14 0.13 0.13 0.15
ARA238025 0.06 0.04 0.07 0.06 0.05 0.06 0.09 0.05 0.05 0.08
LRAA498378 0.39 0.15 0.14 0.14 0.19 0.16 0.18 0.13 0.14 0.16
LRB744710 0.17 0.07 0.09 0.12 0.09 0.08 0.13 0.08 0.09 0.11
Santa 1.11 0.41 0.39 0.38 0.40 0.39 0.56 0.42 0.39 0.56
World-TSP 0.42 0.21 0.22 0.22 0.21 0.20 0.31 0.22 0.23 0.24
Average gap 0.41 0.17 0.17 0.18 0.18 0.17 0.23 0.17 0.17 0.22
Average rank 9.50 3.13 3.88 4.00 4.88 4.13 8.75 4.00 4.63 8.13

TABLE 12. Ranking of initialization methods after optimization when POPMUSIC is used as the candidate set. Gap values are reported as percentages

relative to the best-known tours.

Instance Random | Walk | Moore | Sierpinski | NN | Q-Boruvka | Del Greedy FM | Boruvka | Greedy | Pair-center
C316k 0.67 0.37 0.39 0.40 0.38 0.40 0.34 0.37 0.36 0.30
EIM 0.12 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04
E3M 1.49 0.15 0.15 0.15 0.14 0.15 0.14 0.14 0.14 0.16
ARA238025 0.07 0.06 0.07 0.07 0.06 0.04 0.06 0.06 0.06 0.06
LRAA498378 0.30 0.16 0.13 0.19 0.13 0.13 0.14 0.14 0.15 0.10
LRB744710 0.20 0.11 0.11 0.10 0.12 0.12 0.12 0.11 0.11 0.11
Santa 1.57 0.48 0.45 0.47 0.44 0.44 0.45 0.52 0.47 0.40
World-TSP 0.52 0.50 0.40 0.42 0.41 0.41 0.38 0.39 0.38 0.27
Average gap 0.62 0.23 0.22 0.23 0.21 0.22 0.21 0.22 0.21 0.18
Average rank 9.75 6.75 5.75 6.25 4.75 4.38 5.00 4.13 4.13 4.13

depends on the combination of the initialization method and
the candidate graph. However, the differences between the
optimized tours are very small. In practical applications, any
of the methods, excluding random, can therefore be used
effectively. For applications targeting the shortest possible
tours, Walk, Moore, Sierpinski, Q-Boruvka, and Boruvka are
all competitive choices when combined with the Delaunay +
Quadrant candidate set.

To provide context for the benchmark values, Table 13
presents the best-known tour lengths for each benchmark
instance. These tours were collected from several sources:
DIMACS [52], VLSI [49], Santa [53], and World-TSP [50].
The obtained tours are consistently close to the best-known
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values, indicating that the selected parameter settings are
effective. Most of the remaining gap is likely explained by
the optimization time limit and minor parameter adjustments.
The sources do not report their computational budgets,
whereas the present experiments were limited to 30 minutes
for instances with fewer than one million points and one hour
for larger instances.

Finally, the TSPLIB results are visualized in Figs. 4 and 5
for the Delaunay + Quadrant and POPMUSIC sets, respec-
tively. The results for this batch of 78 TSPLIB instances
follow the same general patterns as in the larger instances.
The Delaunay + Quadrant set provides better optimization
performance on average when combined with longer initial
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TABLE 13. Comparison to the best-known tours. Best LKH refers to the
best result obtained in the experiments within the limited optimization
time of either 30 or 60 minutes. The number in parentheses after the
instance name indicates the power of ten by which the tour lengths have
been divided for representation purposes.

Instance Best-known Best LKH Gap to best-known
C316k (3) 186,871 187,313 0.237%
EIM (3) 713,188 713,444 0.036%
E3M (3) 1,267,295 1,268,868 0.124%
ARA238025 (0) 578,761 578,960 0.034%
LRA498378 (0) 2,168,039 2,170,241 0.102%
LRB744710 (0) 1,611,232 1,612,087 0.053%
Santa (0) 108,416 108,802 0.356%
World-TSP (6) 7,516 7,530 0.186%

tours, whereas the POPMUSIC set performs better with
shorter initial tours. However, in this test setup, where the
time per instance is strictly limited instead of stopping after
a failed trial, the POPMUSIC set performs slightly better
overall.

TSPLIB

Initial: Final:

60 seconds of optimization per instance

Random 2 708.39% 0.042%  Pair-center
[

Walk 111.41% 0.041%  Random
Moore 39.15% 0.039% Q-Boruvka
Sierpinski  37.62% 0.038% Del Greedy FM
NN 23.87%

0.036% Boruvka
Q-Boruvka 19.56% 0.036“/2 NN

Del Greedy FM 16.99%

0.034% Moore
0.034% Walk
0.034%  Sierpinski

12.06%
11.75%

Boruvka
Greedy

Pair-center 3.47% 0.033% Greedy

FIGURE 4. Comparison of initial tours and their optimized final paths on
the TSPLIB dataset when Delaunay + Quadrant is used as the candidate
set. The results are expressed as gaps relative to the optimal tours. Each
result is averaged over five repeated runs with different seeds.

Our results support the findings of Perttunen, who
showed that heuristic initial solutions generally improve TSP
optimization performance compared to random starts [24].
In that study, random initialization became competitive only
when a large number of repetitions were allowed (50 or even
100), whereas heuristic starts performed better under typical
conditions.

The experimental setups of the two studies differ in several
respects. Perttunen used significantly smaller instances
and compared one heuristic against random initialization,
whereas our experiments include larger benchmark instances,
many initialization methods, and a more effective opti-
mization procedure. Despite these differences, both studies
support the same conclusion regarding the benefit of heuristic
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TSPLIB

Initial: Final:

60 seconds of optimization per instance

Random 2708.39% 0.034% Sierpinski

Walk 109.95% 0.032% Random

Moore 39.15%

Sierpinski 37.62% 0.031% Moore
0.031% Boruvka

NN 20.30% 0.031% Walk

0.031% Q-Boruvka

Del Greedy FM 16.99%
0.031% Greedy

Q-Boruvka 16.08%
Greedy 11.87% 0.030% NN
Boruvka 11.85% .
0.029% Pair-center
Pair-center 3.47% 0.028% Del Greedy FM

FIGURE 5. Comparison of initial tours and their optimized final paths on
the TSPLIB dataset when POPMUSIC is used as the candidate set. The
results are expressed as gaps relative to the optimal tours. Each result is
averaged over five repeated runs with different seeds.

initial solutions over random initialization. However, we did
not replicate the condition where Perttunen found the slight
advantage of the random initialization. A practical limitation
of repeated local search is the resulting optimization time,
which, for larger instances such as in this paper, extends the
time from hours to days and longer.

E. STRUCTURAL ANALYSIS OF INITIAL TOURS

To further explain the differences in optimization perfor-
mance, we analyze the structure of the initial solutions. The
first quality indicator is the length of the initial tour, reported
in Table 10. As a second approach, we compare how many
edges the initial tours share with a high-quality reference tour.
The order of points for the best-known tour was available only
for the World-TSP instance. Therefore, for each instance,
a high-quality reference tour was produced by running LKH
for three hours, using Walk as the initial solution and
Delaunay + Quadrant with subgradient optimization as the
candidate set. The lengths of these tours are presented in
Table 14.

TABLE 14. High-quality reference tours for edge overlap comparison.
Produced by running LKH for 3 hours for each instance. The number in
parentheses after the instance name indicates the power of ten by which
the tour lengths have been divided for representation purposes.

Instance Reference-tour length Gap to best-known
C316k (3) 187,207 0.180%
EIM (3) 713,340 0.021%
E3M (3) 1,267,958 0.052%
ARA238025 (0) 578,921 0.028%
LRA498378 (0) 2,169,667 0.075%
LRB744710 (0) 1,612,015 0.049%
Santa (0) 108,612 0.181%
World-TSP (6) 7,523 0.092%
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FIGURE 6. Optimization progress for different initial solutions on the Santa, World-TSP, and LRB744710 instances.

116138 VOLUME 14, 2026



J. Tuononen, P. Franti: How to Initialize Euclidean TSP for Local Search and Does It Matter?

IEEE Access

Table 15 compares the edge sets of the initial tours with the
corresponding reference tours. The constructive initialization
methods share between 36% and 85% of their edges with the
reference tour. In general, the amount of overlap follows the
length of the initial solution. However, Pair-center deviates
from this pattern. Although it produces significantly shorter
initial tours than the other methods, its edge overlap remains
lower than expected. For example, Greedy has an average gap
of 13.68% in the initialization benchmark and shares 85% of
its edges with the reference tour, whereas Pair-center has a
much lower gap of 4.70% but shares only 74% of its edges.
Since Greedy constructs the tour directly from the candidate
graph, its high edge overlap is expected. The lower overlap
of Pair-center suggests that its tours are structurally different,
which helps explain some of the difference in optimization
behavior.

TABLE 15. Edge overlap between the initial tours and a high-quality
reference tour. Averages are computed over the eight large-scale
benchmark instances. Values indicate the percentage of edges in the
initial tour that are also present in the reference tour. Delaunay +
Quadrant was used as the candidate set for graph-based methods.
POPMUSIC set changes the percentages only for Walk (+2%), NN (+1%)
and Q-Boruvka (+1%).

Initial tour Avg. overlap Range
Random 0% 0%
Walk 36% 35-37%
Moore 48% 45-52%
Sierpinski 49% 46-53%
NN 82% 78-85%
Q-Boruvka 72% 68-74%
Del Greedy FM 74% 72-78%
Boruvka 85% 81-87%
Greedy 85% 81-87%
Pair-center 74% 71-79%

The Random approach has practically no overlap with the
reference tours, since randomly generated edges are highly
unlikely to appear in a high-quality solution. On average,
only 2.5 (0%) common edges were found across the tested
instances. As a result, the optimization starts from an initial
solution with almost no useful structure, which explains the
reduced efficiency.

F. OPTIMIZATION SPEED

Since the final tour lengths obtained from different initial
solutions are very similar, it is important to analyze the speed
of optimization. This was done by running the optimization
and reporting the tour length at different timestamps using
Santa, World-TSP, and LRB744710 instances as representa-
tive examples.

The optimization speed results are shown in Fig. 6. The
initialization phase includes the generation of the Delaunay +
Quadrant candidate set as well as subgradient optimization
using the value 100, which takes approximately five to ten
minutes in total, depending on the dataset. Even though the
starting lengths vary greatly, all methods converge to similar
tours during the first half of optimization. An exception to this
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is the random initialization, where the optimization process is
noticeably slower.

The optimization speed figures help illustrate the results
presented in Sec. V-D and Sec. V-E. The random initialization
starts with a path that is completely unstructured and
therefore more time-consuming to optimize. The Pair-center
algorithm provides a short initial solution, but it does not
appear to be the most favorable starting point for optimization
with the Delaunay + Quadrant set.

Helsgaun [13] states that a significant reduction in runtime
may be achieved by choosing initial tours that are close to
being optimal. Our results do not support that statement. It is
possible that the claim was made under the assumption that
the optimal tour is known, and processing can be stopped
as soon as it is reached. This would also imply that the
optimization would be done for small- to medium-sized
instances, where the optimal tour is known.

VI. CONCLUSION

The datasets were split into small-, medium-, and large-
scale categories to analyze initialization algorithms and
their optimized tours with different candidate graphs in 2-D
Euclidean TSP. We found that candidate graphs have a
moderate impact on the result.

The choice of the best candidate graph varies depending
on data size. Alpha is most effective for small datasets. POP-
MUSIC is strongest for small and medium-sized datasets.
Delaunay + Quadrant becomes most effective for medium
and large-sized datasets. Nevertheless, all variants perform
quite well except for KNN, which starts to struggle on large-
scale datasets.

We considered several fast, sub-quadratic initialization
methods. It was found that the effect of initialization on the
optimized result is limited when an efficient optimizer such
as LKH is applied. The initial tours produced by the methods
can differ greatly, but after optimization, the final tours are
very similar.

The Pair-center algorithm produced the shortest initial
tours, but these did not always translate into the best final
tours. A key finding is that the shortest initial tour does not
necessarily lead to the best final result. Instead, the opti-
mization results depend on the combination of initialization
method and candidate graph. The Delaunay + Quadrant
candidate set was the most effective overall compared to
POPMUSIC in large-scale TSP. With the described test
method, the POPMUSIC set gave slightly better tours in
medium-scale TSP.

Additional experiments included a structural analysis of
initial tours by comparing the percentage of overlapping
edges between the initialization methods and a high-quality
reference tour. Furthermore, the optimization speed in large-
scale TSP was investigated.

Our results also support the findings of Perttunen, who
showed that heuristic initial solutions generally improve
optimization performance compared to random starts [24].
Random initialization resulted in fair tours after optimization,
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TABLE 16. Ranking of initialization methods using POPMUSIC as the candidate set. The candidate set change affects the results of Walk, NN, Q-Boruvka,
Boruvka, and Greedy. Gaps are reported as percentages relative to the best-known tours.

Instance Random Walk Moore | Sierpinski NN Q-Boruvka | Del greedy FM | Boruvka | Greedy | Pair-center
C316k (3) 88.2k 167.58 | 53.49 50.77 40.88 26.04 26.57 17.84 16.06 3.44
EIM (3) 73.0k 362.65 | 37.26 34.24 17.64 10.16 13.39 10.22 10.10 4.77
E3M (3) 130.0k | 492.56 | 37.32 34.28 17.48 10.00 13.24 10.13 9.90 4.70
ARA238025 (0) 49.1k 304.95 | 46.01 44.24 24.86 16.10 18.07 13.26 12.73 4.78
LRA498378 (0) 89.4k 17595 | 46.99 47.01 26.12 19.57 16.52 12.99 11.55 6.06
LRB744710 (0) 78.0k 466.74 | 44.58 43.32 23.19 14.96 17.48 12.39 11.71 5.14
Santa (0) 367.7k 378.37 | 69.95 66.72 53.95 44.64 28.81 20.45 18.09 4.01
World-TSP (6) 184.1k 519.85 | 51.31 49.02 32.00 15.38 17.21 14.05 13.35 4.69
Average gap 1324k | 358.58 | 48.37 46.20 29.52 19.61 18.91 13.92 12.94 4.70
Average rank 10.00 9.00 7.88 7.13 6.00 4.25 4.75 3.00 2.00 1.00

but it is less efficient, and the final tours remained slightly
longer than those obtained from heuristic starts.

Further improvements are likely to come from alternative
candidate sets or more efficient optimization techniques,
although this is challenging, as the complex LKH implemen-
tation has remained one of the most effective approaches
for decades. Another possible direction is to integrate
optimization into the initialization process. This could both
accelerate the search, as optimization can be applied to
subsets of points, and better model the full tour. Alternatively,
one may consider a non-local-search-based or a deep learning
approach.

APPENDIX

ADDITIONAL EXPERIMENTAL RESULTS

Table 16 provides additional results for the initialization
experiments.
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