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Abstract
Hierarchical clustering and the Gaussian mixture model are two important means of cluster analysis. As a generative model, a
well-trainedGaussianmixturemodel can naturally characterize the distribution of data consisting ofGaussian clusters and thus
gain the ability to handle incremental data. However, the validity of Gaussian mixture model relies on the consistency between
data distribution and model assumption. That is, it requires particular knowledge about the prior distribution of a dataset for
the user to decide whether Gaussian mixture model is competent since GMM fails to model data from non-Gaussian mixture
distribution. By contrast, agglomerative nesting is a nonparametric, hierarchical clustering algorithm that does not require prior
knowledge. In practice, agglomerative nesting tends to fluctuate drastically in performancewith different similaritymetrics and
requires a lot of additional computing resources as the sample size grows. This paper proposes an arbitrary mixture model for
characterizing data from unknown mixture distribution. In the absence of information about the prior distributions of clusters,
we leverage a nested mixture model to approximate the unknown mixture distribution. This is achieved by decomposing the
unknown distributed clusters and remodeling them with an equal number of Gaussian mixtures. Particularly, we implement
the two successive procedures of the method achieved by using the EM algorithm with incomplete covariance and SingleLink
agglomeration on a compressed similarity matrix. Experimental results demonstrate that our method shows clear advantages
over the Gaussian mixture model and agglomerative nesting in both runtime and performance, improving clustering accuracy
by 12–25% across standard evaluation indices and reducing the cluster number error to 12, compared with 70 and 151 for
competing Gaussian mixture-based methods.
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1 Introduction

Clustering methods based on different ideas have achieved
considerable progress in the past decades [4], among which
hierarchical clustering (HC) approaches [23, 26, 27] and
model-basedmethods [5] have drawnwide attention. In addi-
tion to general data analysis, clustering has also been adopted
in application domains such as the Internet of Things and fly-
ing ad hoc networks, where cluster-based routing is exploited
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for energy-efficient and delay-aware communication [30–
32].

Compared with flat labelings given by other cluster-
ing techniques, such as partition-based [1] or density-based
methods [29], HC usually constructs a hierarchy of flat
labelings. In particular, hierarchical agglomerative clustering
(HAC) iteratively merges clusters with the highest similarity
to build a clustering hierarchy, where each level represents
a flat clustering. The hierarchy construction often suffers
from high time and space complexity, O(n3) and O(n2),
respectively, where n represents the size of the used dataset.
The performance of AGNES [34] can differ significantly
when applying distinct linkage functions, such as SingleLink
[33], CompleteLink, AverageLink, and Ward [28, 39, 40].
SingleLink usually performs poorly in practice due to its
oversensitivity to noise; however, it excels in the potential for
detecting clusters of complex shapes. This resulted in stud-
ies of improved SingleLink [9, 10, 18, 36]. In comparison,
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Fig. 1 The structure of
generalized mixture distribution.
GMM is limited to Gaussian
mixture distributions, while
NGMM is able to model data
from generalized mixture
distributions

although other linkages are insensitive to noise, the pref-
erences of generating spherical clusters and breaking down
clusters of relatively large size limit the general performance.

From the perspective of statistical machine learning,
exploring and estimating the latent distribution model from
finite samples is one of the most critical objectives. In gen-
eral, the distribution characteristics of arbitrary datasets can
be covered with the generalized mixture distribution. Figure
1 shows the structure of the generalized mixture distribution.

Gaussian mixture model (GMM), as a representative
model-based method, aims to model the clusters using Gaus-
sian components [6, 7, 13, 25]. Considering the generalized
mixture distribution of real-world data, theGMMapplication
scenarios are limited to the Gaussian mixture distribution. It
is also necessary to acquire specific knowledge about the
prior distribution of the dataset to judge whether GMM can
be a desirable choice. Besides, the iterative computation of
the full covariance matrix for each Gaussian component is
computationally costly, especially on high-dimensional data.
Using the incomplete form of the covariance matrix can sig-
nificantly reduce the time cost; however, it is at the expense
of the general adaptability of GMM, since this will impose a
stricter assumption that all clusters are isotropicallyGaussian
distributed.

Particularly, two artificial datasets were generated to illus-
trate the limitations of GMM. As shown in Fig. 2a and b,
M3, consisting of a Gaussian cluster, a circular cluster, and
a moon-like cluster, corresponds to a heterogeneous mixture
distribution, while M2, consisting of two moon-like clusters,
is an instance of the homogeneous non-Gaussian mixture
distribution. It can be observed that GMM fails in both cases
according to Fig. 2c and d.

So this paper aims to explore amore flexible and adaptable
model-based method for effectively modeling generalized
mixture distributions and correctly revealing the latent cluster
structures.

The main contributions of the present work can be briefly
summarized as follows.

• This work first formalizes the idea of the generalized
mixture model for arbitrary mixture distributions.

• In the absence of information on the prior distribution of
the mixture components, this paper proposes the nested
Gaussian mixture model (NGMM), which simulates the
unknown distribution of a cluster with an independent
GMM.

• Due to the NGMM’s two-layer hierarchical design, this
paper presents a concise 3-stage approach that encom-
passes distribution decomposition, similarity modeling
and analysis, and hierarchical structure reconstruction to
semiparametrically estimate an NGMM.

2 On the integration of hierarchical ideas
and generative models

There are usually two directions for constructing a hierarchy
of generative models: bottom up and top down.

The approach of Goldberger et al [19] involves bottom-
up hierarchy, which aims to reduce a given large mixture
of Gaussians into a smaller mixture while still preserving
the component structure of the original model. Let f be
the probability density of a Gaussian mixture with k com-
ponents, the method collapses the Gaussian component of
f into k′(k′ < k) groups, represented by g, and repre-
sents each group with a new single Gaussian density by
minimizes the distance measure between the two Gaussian

mixtures: d( f , g) = ∑k
i=1 αi

k′
min
j=1

K L( fi ||g j ), where αi is

the prior probability of ith components of f and K L(·) is the
Kullback–Leibler divergence. In an ideal situation, the new
mixture will fully reveal information about the hierarchical
structure of the original mixture components. However, this
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Fig. 2 The limitation of GMM for handling mixture distributions involving non-Gaussian components: The GMMs were estimated with EM using
components consistent with ground truth. However, the detected clusters (with different colors) clearly disagree with the true distributions

is not the casewhen the real target clusters wewant to capture
by g are non-Gaussian, e.g., the clusters are entangled with
each other (as shown in the examples inFig. 2). This approach
is advantageous in reducingmodel complexitywhile preserv-
ing Gaussian component information. However, its reliance
on Gaussian assumptions limits its applicability to entangled
or non-Gaussian clusters.

In [3], Bahrololum et al. exploited another top-down
method, theHierarchicalGaussianMixtureModel (HGMM),
for learning patterns of normal and intrusive activities. In
their work, the HGMM is considered a general GMM, and
all Gaussian components in the local GMM belong to a root
node that is also represented by a Gaussian component. Dur-
ing training, the observation vectors of each local Gaussian
component are pooled to estimate the new parameter of the
root nodes. This approach can be understood as another esti-
mation of the GMM with the Gaussian mixture components
as the observations. Similarly to the above methods, the con-
struction of the hierarchical structure of HGMM relies on the
assumption of Gaussian distribution of the data. The method
is effective for hierarchical modeling of structured Gaussian
data and has practical utility in anomaly detection. Yet, it

fails to generalize to non-Gaussian data since every level of
the hierarchy is restricted to Gaussian mixtures.

In work [2], the authors presented a top-down HGMM-
based algorithm that can automatically choose the initial-
ization, number of clusters, and covariance constraints.
Specifically, the implementation of AutoGMM initializes
the parameters of initial GMMs using agglomerative clus-
tering with different linkages and all 4 types of covariance.
This method reduces the risk of an inappropriate model
caused by the pre-assumption of covariance type and pro-
vides more reasonable options for parameter initialization.
However, it also adds to the considerable computational cost
of model selection. The hierarchical version of this algorithm
implements AutoGMM recursively (in a top-down manner)
on each cluster determined by the AutoGMM process to
identify potential subclusters. This extension is useful when
studying data consisting of Gaussian clusters with a natu-
ral hierarchy. The restriction is that it is unable to reveal
the cluster structure of non-Gaussian clusters as well as the
natural hierarchies within non-Gaussian clusters. AutoGMM
improves model selection robustness and reduces sensitivity
to initialization, making it practical for Gaussian datasets
with complex covariance structures. Nevertheless, the recur-
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sive estimation greatly increases computational cost, and the
approach remains ineffective for non-Gaussian clusters.

The idea of hierarchical generative models can also be
seen in the research field of point cloud registration. In
work [15], point cloud data are modeled via a GMM-Tree,
which is built in a top-down recursive fashion from small-
sized Gaussian mixtures. On this basis, the authors leveraged
the Hierarchical Gaussian Mixture Representation (HGMR)
using a novel optimization criterion that adaptively finds the
best scale to perform data association between spatial subsets
of point cloud data [16]. Each level of the hierarchy con-
structed by this type ofmethod consists of aGaussianmixture
constructed from the base of the adjacent Gaussian mixture
of the upper level. These methods demonstrate the flexibility
of hierarchical GMMs in spatial data, and their multi-scale
representation improves registration accuracy.However, they
remain bound to Gaussian-shaped assumptions at each level
and thus cannot capture more general cluster structures.

In [38], a stratification-based semi-supervised clustering
algorithm was proposed for handling datasets with arbitrary
shapes. The method first applies a k-means-like decom-
position initialized by randomly scattered stratified seeds
and then constructs a hierarchy by exploiting the relation-
ships among these seeds. This two-stage design enables the
algorithm to better capture clusters of complex shapes and
improves robustness to distributional irregularities. How-
ever, as a semi-supervised method, it relies on partial label
information to guide stratification and seed selection, which
restricts its applicability in fully unsupervised scenarios.

The above unsupervised methods share the property that
each level in the hierarchy remains to be a Gaussian mixture
model, whether the hierarchy is constructed from top to bot-
tom or bottom to top. This property dictates that even with
the introduction of hierarchies, these models are still incom-
petent to be used in clustering non-Gaussian data. In contrast,
the hierarchy constructed in this work contains a mixture of
Gaussian mixtures rather than a single GMM.

3 Problem formalization

3.1 Generalizedmixture model

Let X = {x1, x2, ..., xn} ∈ R
d represents a set of n data

objects sampled from the mixture of m probability distri-
butions. It can be concluded that GMM fails to model the
latent distribution of X as long as some of the distributions
do not agree with the Gaussian distribution. Assuming the
prior distribution of X is known in advance, instead of pre-
assuming the sharing Gaussian distribution for all clusters,
we can model the dataset as a generalized mixture distribu-
tions. That is, we will treat each cluster as sampling from
a particular distribution that is in accordance with the prior

knowledge, which may be either Gaussian or non-Gaussian.
Therefore, the generalized mixture model M� can be for-
malized as the mixture of m particular probability models:

pM�
(x |�) =

m∑

j=1

β j p(x |θ j ) (1)

where β j is themixture coefficient (prior probability), and
p(x |θ j )( j ∈ [1,m]) is the probability density function of the
jth components of M�.
Note that the generalized mixture model requires infor-

mation about the prior distribution of the clusters. However,
often we know little or nothing about such information. It
is better, if possible, to solve the problem without using any
prior knowledge. This can be a tricky problem if we consider
solving it with conventional ideas such as EM algorithm.

3.2 Nested Gaussianmixture model

In practice, it is possible to decompose a cluster into a
group of fine-grained, tiny clusters (or sub-clusters) of homo-
geneous distribution. For instance, the original distribution
shown in Fig. 2 can be divided into 3(2) groups of spherical
sub-clusters. The observation can also be extended equally to
Euclidean space of higher dimensionality. This gives rise to
the idea of approximating the unknown distribution of each
independent cluster with a homogeneous mixture model that
can be well explained. We first discuss the feasibility of the
solution from the perspective of partition. Let D represent
the true partition containing m clusters:

D = {D1, D2, ..., Dm} (2)

where D j is the j th cluster.
By separating the partitionD intom sub-partitions among

which all the sub-clusters share similar distribution charac-
teristics, we have a two-level partition, denoted as DS , as
follows:

DS = {D1
S, D

2
S, ..., D

m
S }, where

D1
S = {C1

1 ,C
1
2 , ...,C

1
c1},

...

Dm
S = {Cm

1 ,Cm
2 , ...,Cm

cm }

(3)

where D j
S( j ∈ [1,m]) is the jth sub-partition consisted

of c j sub-clusters such that D j
S = ⋃cj

i=1

⋃
x∈C j

i
{x} =

⋃
x∈D j {x} = D j . Particularly, C j

i (i ∈ [1, c j ]) denotes
the ith sub-cluster of D

j
S .

Obviously, DS comprises some extra information com-
pared with D. Note that the information about cluster
structure implied in DS is consistent with that given in D.
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It means that we can solve DS instead of directly solving the
partition D.

To make the problem solvable, we can relax the problem
by assumingGaussian distribution for all the sub-clusters and
dropping the information about the cluster structure within
DS , leading to a structure-free partition Du .

Definition 3.1 (Gaussiandecomposition)AGaussiandecom-
position is a structure-free partition Du such that: Du =⋃m

j=1
⋃c j

i=1{C j
i }.

Evidently,Du is not unique depending on the specific form
DS , and according to Du , we can determine a GMM that is
viewed as structure-free. We call Du a ‘Gaussian decompo-
sition’ since it implies the idea of ‘breaking up the whole
into parts.’ In this way, DS can be reconstructed by recov-
ering the structural information on Du through gathering the
related ‘parts.’ Once DS is reconstructed, it determines a
nested Gaussian mixture model that stands for an approx-
imation of the unknown mixture distribution of X .

Inspired by this, we consider modeling an unknown mix-
ture distribution using a two-level nested Gaussian mixture
model (NGMM) where each component of the nested mix-
ture model is a separate Gaussianmixture. By approximating
the unknown component distributions � in Eq. 1 with m
Gaussian mixture distributions, the resulting structure can
be formalized as a two-level NGMM:

p(x |M) =
m∑

j=1

β j p(x |M j ) (4)

where β j is the first-level mixture coefficient and p(x |M j )

denotes the jth Gaussian mixture consisted of ci Gaussian
components:

p(x |M j ) =
ci∑

i=1

αi p(x |μi , �i ) (5)

where αi is the second-level mixture coefficient,
p(x |μi , �i ) = 1

(2π)
d
2 |�i |

1
2
e− 1

2 (x−μi )
T �−1

i (x−μi ) is the

probability density function of the ith Gaussian component
of the mixture.

The EM algorithm is widely used for probability models
with latent variables. In contrast, NGMM not only incor-
porates a latent variable but also an additional conditioned
latent variable, necessitating extra hyperparameter specifica-
tion. Thus,we addressNGMMdistinctively through a special
strategy: decomposition and reconstruction.

4 Determination of an NGMM

The overall algorithm for constructing an NGMM consists
of 3 main steps: 1. solve a Gaussian capture and the cor-
responding Gaussian decomposition; 2. properly model the
similarity between Gaussians within the Gaussian capture,
based on which analyze the latent structure among Gaus-
sians; 3. extract nested structure from the hierarchy to form
the finial NGMM as a mixture of GMMs. Algorithm 1 pro-
vides a summary of the procedures to solve an NGMM.

Algorithm 1 3-stage solution for an NGMM
Input: X , covariance type = ’spherical’, ’diagonal’ for high-
dimensional data
Output: NGMM

1. Decomposition: Solve a Gaussian capture by minimizing J (t)
(Eq. A1);
2. Similarity modeling and analysis:

2.1:Modeling similarity over Gaussians according to CSR sim-
ilarity (Eq. 8);

2.2: Applying Single-linkage Agglomeration (Algorithm 2) to
obtain two types of data structure H,T.
3. Hierarchical structure reconstruction through one of the
following strategies: (1) Reconstruct NGMMby observing the den-
drogram from H ( refer to Fig.3 (c)),T (refer to Fig.4); (2) Or simply
split H according to prior knowledge, for example, the last but 1 layer
of H (H[-2]) corresponds to an NGMM with 2-GMM (or 2-cluster)
solution.

4.1 Capture a Gaussian decomposition

Obviously, an NGMMdetermines a two-level partition in the
form ofDS . The cluster structure we are seeking is contained
in the first-level mixture of NGMM. Conversely, once DS is
determined, the NGMM is also determined. So we can first
determine a Gaussian decompositionDu and then manage to
recover the information about cluster structure in the form
of DS . Thus, the first task is to find a structure-free Gaussian
mixture model that satisfies our request. Corresponding to
the Gaussian decomposition, we define the Gaussian capture
to describe a group ofGaussian components that can separate
original data into fine-grained Gaussian distributions.

Let Mt be a Gaussian mixture model estimated from X
consisting of t Gaussian components. Let zl ∈ {1, 2, ..., t}
be a random variable indicating the component of the model
Mt from which a sample xl ∈ X is generated, the partition
Ct = {C1,C2, ...,Ct } is derived by considering the maxi-
mum posterior probability for each xl ∈ X : maxi {p(zl =
i |xl)|(i = 1, 2, ..., t)}.

Definition 4.1 (Gaussian capture) A Gaussian capture is a
Gaussianmixturemodel such that: for anyCl ∈ Ct ,Cl ⊂ D j

( j ∈ [1,m]).
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AGaussian capture demands that all the objects in Cl(l ∈
[1, t]) should entirely belong to one of the true clusters. In
this way, according to Definition 3.1, Ct is exactly a Gaus-
sian decomposition, which means that a Gaussian capture
uniquely corresponds to a Gaussian decomposition.

On the other hand, a Gaussian capture contains no infor-
mation about the cluster structure and can be viewed as a
structure-free GMM since it always decomposes the cluster
distributions into fine-grained Gaussian components much
more than the true number of clusters. It also means that
Gaussian capture is not unique depending on the granularity
of the Gaussian decomposition. By contrast, a general GMM
is structured as it directly produces cluster assignation.

Based on the above analysis, we can find a Gaussian
capture as a prerequisite for determining an NGMM. It is
achieved with the help of some well-established techniques
[5, 7, 22] for estimating structuredGMMsdespite there being
some differences between the objectives.

Particularly,we also use theEMalgorithm, awell-founded
statistical algorithm, to seek a Gaussian capture through an
iterative process. The general purpose of the EM algorithm is
to solveGMMs for data fromGaussianmixture distributions.
EM requires the number of mixture components to be spec-
ified in advance, which should essentially match the actual
number of m in the cluster.

By contrast, our purpose of finding a Gaussian capture
differs from that of estimating a GMM. In order to capture
a Gaussian decomposition, we always need more Gaussian
components than the true number of clusters m.

Assume that Mt is the best-fitting GMM containing t
Gaussian components, i.e., with maximum likelihood. The-
oretically, as t grows up to m, Mt will gradually satisfy the
requirement of a Gaussian capture. The extreme case is that
when t = n, Mt is a Gaussian capture. Furthermore, if Mz

is a Gaussian capture, Mt is also a Gaussian capture when
t > z. Thus in practice, we only need to specify a large
enough t to get a Gaussian capture.

The time complexity of finding Gaussian capture is O(c∗
t ∗n ∗d2), O(c∗ t ∗n ∗d), and O(c∗ t ∗n)when using com-
plete, diagonal, and spherical covariance, respectively, where
c is a constant indicating the total iterations of EM, n, and d
represent the size and dimension of the data X , respectively.
It indicates that when dealing with high-dimensional data,
the computational costs will rise significantly. As for GMM,
assuming an incomplete covariance can reduce the depen-
dency on d. However if users make assumptions about the
GMM’s covariance matrices, they risk inappropriate model
restriction. By contrast, NGMM does not suffer the limi-
tation due to its nested structure. Specifically, assuming an
incomplete covariance may lead to an increase in t which
means that more Gaussian components are needed for well
simulating the unknown distribution of a cluster.

The number of Gaussian entities t needs to be specified
to obtain a Gaussian capture, but our framework is relatively
insensitive to this choice. To guide the selection, we intro-
duce in Appendix A (Fig. 8) a reference criterion J (t), which
balances model likelihood with complexity and provides
principled reference values for t (see Fig. 9 for examples
with different covariance assumptions). More importantly,
even when t is oversized, the subsequent hierarchical recon-
struction and steady-tree extraction automatically recover the
appropriate number of clusters, making NGMM robust to the
initial choice of t .

4.2 Structure information recovery

For the purpose of reliable reconstructing structural infor-
mation over a valid Gaussian capture, we need to ensure
the reconstructed structure can reveal arbitrary non-Gaussian
mixture distributions.

Motivated by the idea of SingleLink method in chaining
similar points into complex shaped clusters, we manage to
extend it from concrete data points to more abstract Gaussian
objects. This way, an effective method is required to reveal as
well as strengthening the similarity among the closest Gaus-
sian pairs within a Gaussian capture.

Therefore, we propose the Cumulative Cross Responsi-
bility (CCR) to model the similarity over Gaussians, which
considers the mutual interaction between a Gaussian capture
and the corresponding Gaussian decomposition.

Let M̂ = ⋃t
j {G j } be a Gaussian capture with t Gaussian

components, Ĉt = ⋃t
j {C j } is the Gaussian decomposition

derived from M̂, where C j is determined by G j as every
point inC j has the largest responsibility toG j (∀xl ∈ C j , j =
argmaxk p(zl = k|xl)).

We formulate CCR as the total responsibility from a clus-
ter Ci to a Gaussian G j .

p(G j |Ci ) =
∑

xl∈Ci , j �=i

p(zl = j |xl) (6)

where p(zl = j |xl) is the responsibility of xl to G j :

p(zl = j |xl) = p(zl = j)p(xl |zl = j)
∑t

k=1 p(zl = k)p(xl |zl = k)

=
|C j |
n

1√
2π |� j |e

(xl−μ j )
T �−1

j (xl−μ j )

∑t
k=1

|Ck |
n

1√
2π |�k |e

(xl−μk )
T �−1

k (xl−μk )

(7)

Since i �= j , the approach indicates cross-similarity from Ci

to all other Gaussians excluding Gi . The cumulative nature
of the CCR similarity significantly reduces the sensitivity of
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the original single-link method to noise or outliers, which
frequently cause erroneous cluster merge.

Note that, p(G j |Ci ) gives an unidirectional reliance from
Ci to G j . In order to ensure the symmetry of the similarity
metric, we can consider the mutual reliance to measure the
general closeness between Gi and G j :

Si, j = p(G j |Ci ) + p(Gi |C j ) (8)

For common AGNES clustering approaches, a full hier-
archy consisting of n levels (flat cluster assignments) will
finally be constructed after the agglomerative [40] (or divisive
[8, 23]) process. Flat cluster assignation can be obtained by
horizontally cutting the hierarchy [21] or by applying some
automatic techniques [9, 18, 36]. The abovemethods all need
to build an nn similarity matrix for the original data at the
beginning, resulting in a high cost of storage space and run-
ning time.

Different from the above methods, we construct a hierar-
chy for the abstract Gaussian objects to intuitively reveal the
nested structure. It means that only a t by t similarity matrix
is need to be built (t is usually much smaller compared with
variable n). As a result, the space and time complexity of
constructing the similarity matrix as well as the subsequent
SingleLink procedure can be significantly reduced.

On the basis of S, the corresponding hierarchy, denoted
as H, can be established by applying a SingleLink agglom-
erative procedure, among which each layer contains a flat
cluster assignment and the related nested structure .

The pseudocode of the SingleLink Agglomeration over
Gaussians is given in Algorithm 2:

The input S is a t× t similarity matrix constructed accord-
ing to Eq. 8, and the (i, j) element of S represents the
similarity between a pair of abstract objects.

The output H represents a hierarchy that is similar to the
common agglomerative clustering algorithms. H[0] is the
initial level of the hierarchy containing t clusters. In each
while loop, the clusters with the highest similarity will be
merged into a cluster. Thus H[1] contains t − 1 clusters.
After t − 1 round, H[t-1] contains only one clusters. Lines
10–11 of Algorithm 2 implement the merge process. Fig-
ure 3b shows the dendrogram that visualizes the hierarchy
constructed according to the output H on dataset M2.

For automatically extracting steady trees as clusters,
another data structure T is required to record 5 types of the
necessary information. In the kth while loop, the kth row of
T, T[k-1], stores the following information about the current
tree: left child, right child, parent, birth time, and life span. It
is implemented in the if-else conditions in lines 12-24. The
last 5 columns of the table in Fig. 4 show an instance of out-
put T on dataset M2, while the tree plot shows an illustration
of extracting ‘steady trees’.

Algorithm 2 SingleLink Agglomeration
Input: S
Output: H,T
1: Initialize t × t matrix H = −1
2: H[0] = 0, 1, 2, ..., t − 1
3: Initialize (t − 1) × 5 matrix T = −1
4: Initialize N = 0, TNo = t
5: while N < t − 1 do
6: s=max(SMu), i, j=argmax(SMu).
7: Noi = H[N , i], No j = H[N , j]
8: I ndex I = where(H[N ] == Noi )
9: I ndex J = where(H[N ] == No j )

10: H[N + 1] = H[N ]
11: H[N + 1, I ndex I ] = TNo, H[N + 1, I ndex J ] = TNo
12: if Noi < t and No j < t then
13: T[N , :] = Noi , No j ,−1, s,−1
14: else if Noi < t then
15: T[N ] = Noi , No j ,−1,T[No j − t, 3],−1
16: T[No j − t, 2] = TNo
17: else if No j < t then
18: T[N ] = No j , Noi ,−1,T[Noi − t, 3],−1
19: T[Noi − t, 2] = TNo
20: else if Noi �= No j then
21: T[Noi − t, 2] = TNo, T[No j − t, 2] = TNo
22: T[Noi − t, 4] = T[Noi − t, 3] − s
23: T[No j − t, 4] = T[No j − t, 3] − s
24: T[N ] = Noi , No j ,−1, s,−1
25: end if
26: N = N + 1, TNo = TNo + 1
27: SM[i, j] = 0
28: end while

The pseudocode of the agglomerative procedure is given
in Algorithm 2 of appendix. The agglomerative procedure
uses S as the input and constructs a hierarchy H as output. In
the while loop (lines 5-28), a pair of objects with the highest
similarity is merged each round. The process consists of t−1
rounds in total, after which all objects will be merged. As
one of the outputs, H contains t possible assignments of the
abstract Gaussian objects, which corresponds to t NGMM
solutions with 1 to t GMM components.

Each assignment contains information about the two-
level cluster structure of the Gaussian decomposition and
the nested structure of the Gaussian capture. For example,
the last but two rows of H contain the 2-cluster solution with
respect to the abstract objects. This means that all subclusters
in theGaussian decomposition Ĉt are divided into twogroups
in the form of DS . Correspondingly, by correlating related
components of the Gaussian capture M̂ into two Gaussian
mixture models, the NGMM is also determined. Note that
the dendrogram implied in the hierarchy H can be explic-
itly established to provide a decision basis for splitting the
hierarchy (see Fig. 3b).

Figure 3 presents a complete example to illustrate the
determination process and decision basis for an NGMM. The
Gaussian capture with 11 ellipsoid components in Fig. 3a is
used to compute a similarity matrix S. Figure 3b shows the
similarity heatmap of S. From the heatmap, we can observe a
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Fig. 3 Determination of
NGMM by splitting the
dendrogram. The compressed
similarity matrix S is computed
according to the Gaussian
capture and Gaussian
decomposition given in Fig. 9b

a b

dc

clear relation (close or distance) between each pair of compo-
nents of the Gaussian capture(or Gaussian decomposition).
Figure 3c shows the dendrogram constructed from S through
a SingleLink procedure, among the levels the two-cluster
solution intuitively stands out of all the possible divisions.
As shown in Fig. 3d, according to the information about
cluster structure derived from the dendrogram, an equiva-
lent NGMMcontaining twoGaussianmixtures is established
over the Gaussian capture. The target clusters are recovered
from the Gaussian decomposition at the same time.

Generally, constructing a complete hierarchy via AGNES
has a time complexity of O(n3) (or O(n2 log n) with single
link by employing efficient structures like a priority queue
or a Minimum Spanning Tree) and a space complexity of
O(n2). As outlined in Algorithm 2, this can be improved to
O(t2 log t), where t 	 n. Specifically, for large datasets,
we have t2 < n, indicating that our single-link procedure
achieves significantly reduced time and space complexity,
since O(t2) < O(n).

5 Automatic cluster extraction

In this section, we propose a method to automatically extract
cluster information. For this purpose, a different form of
dendrogram will be constructed from another output T of
Algorithm 2.

Conventional techniques for cluster extraction depend on
a pre-specified number of clusters; accordingly, the dendro-
gram will be split horizontally. Since there are n possible
cluster assignments in a hierarchy, it is always troublesome
work to determine the correct level when no prior knowl-
edge is available. By contrast, the hierarchy H constructed in
the compressed representation reduces such difficulty since
there remain only t possibilities. However, we sometimes
still expect a reliable method to automatically determine a
reasonable level by which to split the dendrogram, which is
also a fundamental problem in hierarchical clustering [9, 21].

The term Lifetime introduced in [18] is used as a decision
basis that compares the existing time of adjacent levels from
the top down. The comparison will not stop if the lifetime of
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Fig. 4 An illustration of the extraction of steady trees on toy dataset. The first figure is the dendrogram constructed according to data structure T
shown on the right side

the current level is longer than that of the lower one.However,
the definition of a lifetime from a global perspective will
cover the real information of a local cluster. For example,
two successive levels occurring in two clusters that are far
away may lead to a very short lifetime, which will obfuscate
the information of local clusters of steady structures.

Consider Algorithm 2, the output H contains t levels,
among which the first level corresponds to the original t-
cluster partition, and each of the following levels emerges
from the agglomeration of a pair of trees (in the dendrogram
view) with the highest similarity among the previous level.
At the same time, another data structure T is constructed to
preserve information about the steady relationship. In order
to overcome the mentioned limitation of global splitting a
hierarchy, we propose a method that reveals ‘steady trees’
within a hierarchy from a local perspective. For elucidating
the process, some definitions related to a tree will be intro-
duced.

Let H[k] represents the kth level of the hierarchy H, we
first define a Branch and a Tree as:

Definition 5.1 (Branch) The elements in H[0] correspond to
t Branches numbered from 0 to t − 1.

Definition 5.2 (Tree)For any i ∈ [1, t−1], a Tree numbered
as (t − 1 + i) is generated from the agglomeration of a pair
of Trees(Branches) with the maximum similarity among
H[i − 1].
Definition 5.3 (life span of a Tree) For any Tree Ti (i ≥
t), the life span of Ti , denoted as Ls(Ti ), is defined as the
similarity interval between the birth time and death time.

To facilitate description, we will use the notation Ti to
represent a Branch or a Tree. For cases of i < t , Ti is a

Branch, otherwise a Tree according to Definition 5.1 and
Definition 5.2.

Note that, the definition of life span is only for a Tree,
so we default set the life span of a Branch (Ti (i < t)) as
0. Besides, we set the life span of the Tree agglomerated at
the root to -1 so that to ensure that at least two Trees will be
extracted in the worse case.

Motivated by the idea from [18, 21], we use the life span
of a Tree to describe the stability of the Tree depending on
the birth time and death time. The main difference is that we
will introduce the status of ‘Born,’ ‘Grown,’ and ‘Died’ for
a Tree in different situations in the virtue of the definitions
of Branch and Tree. Besides, we do not rely on a global
density calculation for the birth time and death time of a
Tree.

Specifically, for any level H[k], assume that Tt−1+k is
generated from the agglomeration of Ti and Tj . Considering
the status of Ti and Tj , there are 3 different situations for
Tt−1+k :

1) if i < t , and j < t , we call this case as a new Tree is
‘Born’ from two Branches, the birth time of Tt−1+k is
recorded as the similarity between Ti and Tj .

2) if i < t , and j ≥ t , it means that Tt−1+k is generated
from a Tree (Tj ) and a Branch (Ti ). Note that, for this
case, we treat Tt−1+k as a Tree that is ‘Grown’ from Tj ;
thus, we preserve the birth time of Tj for Tt−1+k . The
situation that i ≥ t and j < t is similar to the above
analysis.

3) if i ≥ t , and j ≥ t , Tt−1+k is also a new Tree agglomer-
ated from two Trees, which simultaneously represents
that Ti and Tj have ‘Died.’ Therefore, in addition to
recording the birth time of Tt−1+k , we further record the
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life span of Ti (Tj ) as the interval of the birth time of
Ti (Tj ) and the birth time of Tt−1+k .

According to the above analysis, each row of T corre-
sponds to aTree and comprises the necessary information for
extracting steady Trees rather than globally splitting from
the hierarchy H. Particularly, the first row of T that corre-
sponds to Tt consists of 5 different kinds of information: the
number of left child, the number of right child, the number
of parent, the birth time of current Tree, and the life span of
current Tree.

Definition 5.4 (steady Tree) For any Tree Ti (i ≥ t), let
Tk(k > t) and Tj ( j ≥ t) be the Parent and Sibling of Ti ,
respectively. We say Ti is a steady Tree only if it satisfies:
1)Ls(Ti ) > ρ, 2) Tj is a Tree, 3) max{Ls(Ti ), Ls(Tj )} >

Ls(Tk).

The first condition requires Ti itself must have a life span
longer than a specified low bound ρ. And if Tj is a Branch,
Ti is treated as a Tree that will grow into Tk by ‘assimi-
lating’ a Branch Tj , which is consistent with the previous
concept of ‘Grown,’ while the last one compares the life span
from a vertical perspective, which is exactly the process of
morphologic change in Trees.

In practice, we can extract steady Trees from the output
T of Algorithm 2 by orderly (or randomly) traversing each
Tree ‘Born’ from two Branches which remains unvisited.

Figure 4 gives an illustration for the extraction of steady
Trees from the dendrogram established according to T. Note
that this experiment is performed on the same premise as the
experiment shown in Fig. 3. That is, the same dataset and
similarity matrix is used, which is also an extension of the
results shown inFig. 9b.The last 5 columnsof the table shown
on the right correspond to the output T, while the first two
columns are manually added to facilitate a better description
and understandability.

The detailed process is given in the virtue of the dendro-
gram shown on the left and the table on the right. Let us start
with T13, a new Tree born from Branches T4 and T8. By
checking its parent node, we turn to T16 and find it is grown
from a Tree (T13) and a Branch (T0). So we directly jump to
its parent T18. Obviously, T18 is a new Tree agglomerated
from two Trees T16 and T17; thus, we compare the life span
of T18 with the life spans of T16 and T17. We select the win-
ner T18 and continue to visit the parent T20 which is the root
with −1 as its life span. Finally, T18 is entirely extracted as
Cluster 1. Note that the next Tree to be visited is T11, since
it is the only Tree left satisfying the condition of the ‘Born’
Tree. A similar process to the extraction of Cluster 1 can be
performed to extract Cluster 2.

Finally, the first cluster consists of 6 objects, numbered
0,2,4,6,8,9, and the second one consists of objects numbered
1,3,5,7,10. In this case, the cluster structure extracted by the

above procedure is completely consistent with that shown
in Fig. 3c, meaning that the same clusters and NGMM are
obtained.

6 Experiments

Our experiment has two main aims. First, we would like to
demonstrate that our method outperforms GMM, AGNES,
and other state-of-the-art clustering methods (including hier-
archical, density-based methods) in terms of adaptability to
different types of data by conducting experiments on a variety
of standard benchmarks with quite different characteristics.
Second, we want to show that our model is more scalable
than AGNES and GMM in terms of data size n and dimen-
sionality d without covariance assumptions. We, therefore,
chose the dataset EMNIST Digits, consisting of 2800k 784-
dimensional samples, and compared the time costs of these
methods. In addition to the main purpose, we will first intro-
duce a simple yet effective pruning trick and demonstrate
the mechanism with a real-world dataset. All implementa-
tions and tests were carried out using Python 3.12.

6.1 Pruning

For noisy data, a simple pruning on the Gaussian capture
according to the similarity matrix S may make the algorithm
more robust and efficient. In detail, considering all the simi-
larities betweenGi and the rest components, if the maximum
similarity is lower than a certain threshold, the component
Gi is pruned from the input Gaussian capture. Formally, if
max{S(i, j)| j �= i, j = {1, 2, ..., t}} < δ, the ith row and
column of S can be deleted.

Figure 5 shows an example of pruning based on the
dendrogram of Gaussian decomposition on the real-world
dataset banknote authentication, which contains two non-
Gaussian clusters. Each sample of Banknote has 4 dimen-
sions. The first sub-figure shows the point distribution of the
two clusters from the Banknote using the first two dimen-
sions. The Gaussian decomposition shown in Fig. 5b was
obtained with 15 components. As illustrated in Fig. 5c, a
dendrogram capturing structural information was obtained
over the Gaussians in accordance with Eq. 8.

By observing the dendrogram, a 3-cluster solution stands
out from all the possible solutions if we do not perform a
pruning, which corresponds to the case shown in Fig. 5d.
However, it is also clear from the dendrogram that Gaussian
1 can be pruned as it is a singleton cluster consisting of a few
points far from other clusters (with clear lower similarity).
Thus, except for determining the two-level cluster structure,
the dendrogram over Gaussian decomposition can also pro-
vide us with the decision basis for pruning. Note that, this
procedure may improve the general clustering performance;
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a b

c d

Fig. 5 An example of pruning decision on dataset Banknote authentication. Points with different colors indicate different clusters

however, it may require empirical decision based on the den-
drogram.

6.2 Clustering performance comparison

We report the clustering performances of 10 algorithms on
9 datasets [11, 14] from the real world, which are selected
based on characteristics including sizes (from 0.8k to 280k),
dimensions (from 4 to 784), categories (from 2 to 26), and
application scenarios, while according to the practical appli-
cation scenarios, the datasets can be briefly classified as text
categorical data (Authorship), processed image data (Ban-
knote, Satellite Image), handwritten digits (Mf-karhunen,

Table 1 Details of datasets

Dataset Objects Attributes Classes

Authorship 841 70 4

Banknote 1372 4 2

SatelliteImage 6435 36 6

Mf-karhunen 2000 64 10

Mf-factors 2000 216 10

Optdigits 5620 64 10

MiceProtein 1080 81 8

EMNIST Digits 280k 784 10

EMNIST Letters 145.6k 784 26

123



   38 Page 12 of 18 International Journal of Data Science and Analytics            (2026) 21:38 

Fig. 6 Experimental results of the 10 algorithms on 9 datasets

Mf-factors, OptDigits, EMnistDigits), handwritten Letters
(EMnistDigits), and protein expression data (Miceprotein).
See Table 1 for more details.

The classical AGNES clustering method is used as a
benchmark. In addition to the SingleLink similarity, perfor-
mances by using ‘Ward’ [28], a more recent method, are also
reported. The only used parameter for AGNES, the number
of clusters, is set in accordance with the datasets.

Clusteringwith robust Single Link (RSL) generates Single
Link connected components from different level sets as clus-
ter trees [10]. The algorithm uses three parameters, among
which theminimal number of points (MinPts) is prespecified
to yield level sets by varying radius r from 0 to +∞, while
another parameter α adjusts the reachability between objects

within the current level set to generate connected compo-
nents. The final cluster trees are extracted as flat clusters by
specifying a proper r . Following the suggestion of the origi-
nal literature, we set α = √

2 and then search MinPts as well
as a r for the best performances on all datasets.

HDBSCAN is a hierarchical algorithm working in a divi-
sive manner according to the descending order of single
linkage in the MST [8, 9]. The parameter MinPts (similar to
RSL) is used to perform a nonlinear transformation of origi-
nal datasets as well as define the density of objects.We report
the performance of HDBSCAN(ε)[24], which introduces an
additional parameter ε to avoid cases in which clusters are
mistakenly separated into tiny groups. As to the parameter ε,
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a condensed dendrogram derived from the algorithm can be
referred to determine a possible range.

QRspectral [12] and Leiden clustering [37] are two recent
clustering methods using adjacency (similarity) graphs.
Sincewe use kNNgraph forQRspectral to construct the simi-
larity matrix, thus QRspectral and Leiden clustering both use
parameter k to determine the neighborhood. For Leiden clus-
tering, another parameter is needed to control dimensionality
reduction.

EM and DPGM are two algorithms for estimating Gaus-
sian mixture distribution. For EM, the main parameter is the
number of components [5]. For DPGM, we apply the Dirich-
let process inference algorithm [7], which can automatically
activate the effective components. Besides, a greater value of
the parameter concentration will force the algorithm to acti-
vate more components. Thus we set the components as two
times the true number of clusters and vary the concentration
value for desirable results. Besides, I2GMM, as a HGMM, is
also compared. It involves two concentration parameters for
the top and bottom layers of DP to be set. We mainly tune
these two parameters using grid search.

Note that, for themain parameters of the above algorithms
that can not be simply specified, proper searching (or grid
searching) processes were conducted from varying ranges
according to the parameters (and algorithms) to be deter-
mined so that we can ensure a relatively fair comparison. In
addition, we use the diagonal covariance matrix to perform
experiments in all cases.

The performance of the algorithms is evaluated with 3
well-known clustering evaluation indices: Adjusted Rand
Index (ARI) [20], Normalized Mutual-information Index
(NMI) [35], and Fowlkes-Mallows Index (FMI) [17]. ARI
has a score from −1 to 1, where negative values are bad
results, a positive value indicates better label assignments, a
score close to 1 is the perfect value, and 0 stands for random
assignments. The NMI has the best score equal to 1 and ran-
dom assignation around 0. The FMI score ranges from 0 to 1,
and a high value implies a better assignment. Note that FMI
does not penalize random assignation, so it will sometimes
yield lower, more cogent high scores, especially for imbal-
anced datasets. For such cases, the scores of ARI and AMI
will close to 0.

The results of the proposed algorithm and the competi-
tors on 9 datasets are shown in respective bar plots in Fig.
6, each of which consisted of the scores of an algorithm
on 3 mentioned criteria. It can be observed that the scores
of the original single-linkage method on ARI and AMI are
close to 0 for almost all cases. Under these circumstances,
the FMI score is no longer reliable, even though it may
seem to perform better sometimes. In terms of the combined
performance of agglomerative clustering methods on these
datasets, the ‘Ward’ similarity metric has clear advantages
over other metrics. In contrast, although our method also

Table 2 Number of clusters revealed by 3 algorithms

Algorithm DPGM I2GMM NGMM

Authorship 12 7 4

Banknote 27 12 2

SatelliteImage 22 13 7

Mf-karhunen 24 18 9

Mf-factors 31 14 8

Optdigits 24 16 9

MiceProtein 32 21 8

EMNIST Digits 28 23 14

EMNIST Letters 37 32 23

Error counts 151 70 12

The error count of each method is made by accumulating the difference
between the predicted and true number of clusters on different datasets
Bold numbers indicate that the algorithm correctly identifies the true
number of clusters

applies a procedure similar to the SingleLink aggregation,
the similarity between (abstract) objects is actually quite dif-
ferent from the SingleLink method that measures only the
distance between a pair of objects, which makes our method
more stable to the impact of noise.

According to the performance of GMM-based methods,
we can qualitatively analyze the profile of the datasets with
respect to the distribution characteristics of clusters. For
example, we can confirm that the Banknote is composed
of non-Gaussian clusters since EM, DPMG, and I2GMM
all fail in 3 criteria. Besides, the rest of the datasets should
comprise both Gaussian clusters and clusters with unknown
distribution since DPGM and I2GMM tend to give solu-
tions containingmore clusters than the ground truth. Overall,
all these datasets can be viewed as samplings from het-
erogeneous mixture distributions. Thus, we can attempt
to approximate the unknown distributions using equivalent
NGMMs. As shown in Fig. 6, our method yields compara-
ble or even better solutions for all the cases. Especially on
Banknote, SatelliteImage, andMiceProtein, it shows consid-
erable superiority on all the 3 criteria, while in the worst case
(EMnist Digits and letters), the proposed method still gives
comparable solutions to the best ones.

Besides, we also make a comparison on the consistency
between the ground-truth number of clusters and the number
of clusters automatically identified by NGMM, DPGM, and
I2GMM. As shown in Table 2, NGMM is more consistent
with the real situations than the other 2-GMM-based com-
petitors, which tend to divide the real distribution of clusters
into more fine-granularity data colonies.

6.3 Runtime comparison

To evaluate the efficiency of our method, we made a com-
parison of the running time between the proposed method
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and other methods. Our method includes two main parts that
may contribute to the whole running time. The first part, the
estimation of a Gaussian capture, has a time complexity of
O(ctdqn) where q ∈ {0, 1, 2}. In particular, q = 2 is the
case of using the full covariance matrix; q = 1 and q = 0
correspond to the cases of using the diagonal and ‘spherical’
forms of the covariance matrix, respectively. Note that, in
the experiments, the diagonal covariance matrix was used to
determine a Gaussian capture. The second part corresponds
to the process of hierarchy construction and structure extrac-
tion, which has a time complexity of O(t2). In addition to
the overall runtime, we also report the individual runtimes of
the two parts separately. For comparison, the runtimes of 3
GMM-based methods and AGNES using 2 different similar-
ity metrics were reported.

As shown in Fig. 7, EMnist Digits, which has 280,000
samples and 784 dimensions, perform experiments compar-
ing the runtime of different methods as sample size and
dimension grow. The full dataset was used and randomly
sampled to generate 4 subsets with proportion growth from
0.2 to 0.8 (in detail, 0.2, 0.4, 0.6, 0.8). The experiments
include two parts: the first part used the first 100 dimensions
of the various subsets of EMNIST Digits, while the second
part used the subsets with all 784 dimensions.

Therefore, each part of the experiments was actually per-
formed on 5 progressively increasing sample sets to show the
increasing trends of running times of the mentioned methods
with respect to the sample size n. It can be clearly observed in
the two settings our method shows a far lower growth trend
than the competitors, indicating better scalability in n. On the
other hand, comparing the two line charts, our method also
shows better scalability in d, as it exhibits less sensitivity to
the growth of dimension. In addition, we can observe that the
curve corresponding to the ‘Gaussian capture’ process grad-
ually coincides with the curve of the ‘Structure extraction’
process, meaning that the time cost of our method mainly
depends on the determination of a proper Gaussian capture.
Overall, the result is exactly in line with the theoretical anal-
ysis of time complexity.

7 Conclusion

In this paper, we formalized the problem of clustering data
from heterogeneous mixture distributions and proposed the
NGMM as a solution. By decomposing unknown cluster
structures into Gaussian captures and reconstructing them
through hierarchical similarity analysis, NGMM can effec-
tively approximate generalizedmixture distributions without
requiring prior knowledge of the underlying data distri-
bution. Compared with traditional GMMs, our approach
works under more general assumptions than Gaussian-only
ones and avoids restrictive covariance settings, thus improv-
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ing adaptability to non-Gaussian clusters while maintaining
computational efficiency. Comparedwith classical hierarchi-
cal clustering methods, NGMM reduces the time complexity
of hierarchy construction and shows greater robustness to
noise by modeling similarities between Gaussian objects
rather than raw data points.

Futurework could extend the present framework in several
directions. The current study employs CCR-based similar-
ity to model the relationships among Gaussian components
and a hierarchical agglomeration procedure to recover the
second-level structure. Alternative approaches to similarity
modeling, such as divergence- or kernel-based measures,
may provide richer representations of component relation-
ships. In addition, beyond hierarchical clustering, second-
level structures could be constructed with other strategies,
such as graph-based or spectral clustering methods, which
may further enhance adaptability to diverse data characteris-
tics.

Appendix A reference for Gaussian captures

Sometimes we need a reference rather than empirically spec-
ifying the value t . Therefore, we show how to determine a
reference value z.

In practice, the posterior probability p(Mt |X) can be
used to evaluate model Mt when varying the value of t .
Another important factor concerning t that should be taken
into account is the efficiency of the algorithm. A large t will
bring about excessive time cost to our method. This makes
us consider imposing a penalty on large t and data size n.
According to the above analysis, we use the following func-
tion w.r.t. t to evaluate Mt :

J (t) = p(Mt |X) − g(t)ln(n) (A1)

where g : t → R+ is a function of t , which acts as a penalty
term rejecting candidates consisted of excessive components
to meet the constraint that t 	 n.

According to the Bayesian formula, the posterior of Mt

bears the following property:

p(Mt |X) ∝ p(X |Mt )p(Mt ) (A2)

where p(Mt ) is the prior probability of Mt , and p(X |Mt )

is the likelihood function.
Let G j be the jth Gaussian component of Mt , by

assuming that all candidate models have the identical prior
probability, we have:

p(Mt |X) ∝ p(X |Mt ) =
n∏

i=1

t∑

j=1

α j · p(xi |G j ) (A3)

where α j is the mixture coefficient, and p(xi |G j ) is proba-
bility of xi w.r.t. G j :

p(xi |G j ) = 1
√
2π

n
2 |� j | 12

· e(xi−μ j )
T �−1

j (xi−μ j ) (A4)

where μ j , � j are the mean and covariance matrix of G j ,
respectively.

For the convenience of calculation, we use the log-
likelihood and take g(t) = t . The evaluation function in
Eq. A1 is rewritten as:

J (t) = −log( p(X |Mt )) + g(t)ln(n)

= −
n∑

i=1

log
t∑

j=1

α j · p(xi |G j ) + t · ln(n)
(A5)

Note that, when we set g(t) equal to t/2, J (t) is exactly
the Bayesian information criterion. Now a higher score of
J (t) implies t is approaching z. Thus by minimizing J (t),
we give the reference value of z:

z = argmint J (t) (A6)

Figure 8 shows an example on the artificial dataset M2 to
illustrate the determination of a reference value z. Different
types of the covariance matrix are tested in the experiments.
In detail, as for the case of using full covariance, we get the
minimum score when the number of components is equal to
6. It means that z = 6 can be taken as the reference value for
determining a Gaussian capture which is exactly the result
shown in Fig. 9a when t = z. Similarly, for the case of diag-
onal covariance, we have z = 11, and the corresponding
Gaussian capture is shown in Fig. 9b. For the final case in
which that ‘spherical’ covariance matrix is used, the refer-
ence value for z is 16. Note that, it is a little different for the
result shown in Fig. 9c compared with the above two cases
since we take t = 20(t > z) to obtain a Gaussian capture.
This result is consistentwith our analysis thatMt isGaussian
captures when t > z.

Figure 9 shows examples of 3 different types of Gaussian
capture obtained by using different forms of the covariance
matrix.We can observe that on artificial datasetsM2 andM3,
Gaussian captures can be determined by using incomplete
forms of the covariance matrix. In particular, the diagonal
covariance matrix captures the ellipsoid or spherical Gaus-
sian decompositions (see Fig. 9b,e), while the ‘spherical’
covariance matrix, i.e., the form of the scalar matrix, cap-
tures only the spherical Gaussian decompositions (see Fig.
9c,f).

123



   38 Page 16 of 18 International Journal of Data Science and Analytics            (2026) 21:38 

Fig. 8 An example of determining a reference z for Gaussian capture with different types of covariance matrix on artificial dataset M2

ba c

d (e) (f )

Fig. 9 Gaussian captures on M2 and M3 when different Gaussian assumptions are made (by applying spherical, diag, and full covariance matrices)
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