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Abstract
Kernel Distance Metric Learning (KDML) is a powerful tool for

enhancing clustering performance by adapting the data geome-

try to correct structural mismatches. However, traditional global

KDMLmethods suffer from severe scalability issues, often incurring

O(𝑛3) computational costs and O(𝑛2) memory usage, where 𝑛 is

the sample size. Furthermore, these holistic deformations can lead

to overfitting when supervision is sparse. To address these limi-

tations, we propose Constraint-Aligned Subspace Transformation

(CAST), a novel framework that restricts metric adaptation to a

low-dimensional subspace strictly induced by pairwise constraints.

By orthonormalizing constraint directions, we reduce the learning

problem from estimating a full kernel matrix to a rank-efficient Lin-

ear Program (LP). We further derive an implicit update formulation

that enables distance evaluation in O(𝑟 ) time, effectively reducing

memory complexity to O(𝑛𝑟 ). Extensive experiments on diverse

datasets demonstrate that CASTmatches or exceeds state-of-the-art

KDML competitors in downstream clustering tasks while dramat-

ically reducing optimization time, delivering 33×-259× speedups
over the fastest baseline in the weak-supervision (1%) regime, while

still achieving 3×–20× speedups at 20% supervision.
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• Computing methodologies→ Kernel methods; Cluster anal-
ysis.
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1 Introduction
Distance metric learning (DML) aims to learn a task-adaptive no-

tion of similarity from limited supervision, typically in the form

of class labels, triplets, or pairwise relations. By reshaping the

geometry of the data, DML has become a standard ingredient in

various tasks, including clustering [22], image retrieval [18], face

recognition [14, 25], object detection [28], anomaly detection [20],

recommendation systems [1], etc., where even sparse must-link

(cannot-link) feedback can steer partitions toward semantically

meaningful structures.

In practice, the supervision available for clustering is often weak

and local: users provide only a small set of pairwise constraints,

which encode partial and noisy knowledge about which points

should (or should not) belong together. This makes how a metric

is parameterized and where it is allowed to change the geometry

central to both performance and robustness.

Most classical DML methods operate in the linear regime, learn-

ing a Mahalanobis metric in the input space. While efficient and

well-understood, linear DML inherits an inherent representational

bottleneck: a single global linear map cannot adequately recon-

cile complex latent structures that arise from nonlinear manifolds,

curved decision boundaries, or higher-order feature interactions. As

a result, when the cluster geometry is intrinsically non-Euclidean

or varies across the space, purely linear formulations often fail

to resolve the mismatch between the learned metric and the true

semantic neighborhood structure, limiting downstream clustering

quality and stability [4, 22].

Kernel-based distance metric learning (KDML) extends DML be-

yond this limitation through a two-stage design: nonlinear mapping

followed by metric learning in the induced space [2, 9, 16, 23, 30].

First, data are implicitly embedded into a high-dimensional Repro-

ducing Kernel Hilbert Space (RKHS), where nonlinear relationships

can become linearly representable. Second, a metric (equivalently,

a kernel transformation) is learned in this space, enabling flexible

geometric adaptation that can capture non-spherical and highly

curved cluster shapes.

However, the same design also amplifies the cost and risk of learn-

ing. Even forming the kernel matrix 𝐾 ∈ R𝑛×𝑛
can be prohibitive at

scale, with quadratic storage and at least quadratic-time construc-

tion, motivating approximations[33] such as Nyström sampling

[8] or random feature expansions [6, 19]. More critically, global

KDML methods typically learn a high-capacity PSD operator in the

RKHS whose degrees of freedom scale with the sample size, leading
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to optimization costs that grow quadratically or cubically with 𝑛

[12, 23]. From a statistical standpoint, this “holistic” deformation is

also problematic under sparse supervision: when constraints cover

only a small portion of the space, an unrestricted RKHS-level trans-

formation can distort regions that are effectively unconstrained,

producing brittle solutions that fit the provided constraints yet

harm the intrinsic geometry elsewhere [2, 32]. These two issues,

scalability and overfitting under sparse pairwise supervision, con-

stitute a key barrier to deploying KDML as a practical component

of weakly supervised clustering pipelines.

Motivated by these limitations, we proposeConstraint-Aligned
Subspace Transformation (CAST), a kernel metric adaptation

framework tailored for sparse pairwise supervision. The proposed

framework makes three key contributions:

• Structure-preserving subspace metric adaptation.We

introduce a constraint-aligned parameterization of kernel

metrics in which admissible adaptations are confined to a

low-dimensional subspace spanned by constraint-supported

directions. This explicitly couples the degrees of freedom of

the learned metric to the available supervision, reducing the

tendency to distort unconstrained regions when constraints

are sparse.

• Rank-efficient linear programming. By orthonormaliz-

ing this subspace and restricting the adaptation to within

it, we reduce kernel metric learning from estimating an

𝑂 (𝑛2) PSD operator to learning 𝑟 nonnegative scalar weights,

where 𝑟 is the intrinsic rank of the constraints. This yields

a globally optimal linear programming formulation whose

complexity depends on constraints rather than dataset size.

• Scalable implicit inference. We derive an implicit low-

rank update scheme that enables distance evaluation in𝑂 (𝑟 )
time and reduces memory from𝑂 (𝑛2) to𝑂 (𝑛𝑟 ), making ker-

nel metric adaptation practical when global KDML methods

are computationally prohibitive.

Extensive experiments show that CAST achieves clustering per-

formance comparable to or better than state-of-the-art KDML base-

lines while reducing optimization runtime by orders of magnitude.

2 Preliminaries and Global KDML
We consider a semi-supervised settingwhere a dataset𝑋 = {𝑥𝑖 }𝑛𝑖=1 ⊂
R𝑑

is accompanied by a limited set of pairwise constraints. LetM
and C denote the sets of must-link and cannot-link pairs, respec-

tively. The goal is to learn a distance metric that respects these

constraints, pullingM pairs closer while pushing C pairs apart, to

facilitate downstream tasks such as clustering.

2.1 Global Metric Learning in RKHS
To handle non-linear structures, we employ a positive semidef-

inite kernel function 𝑘 (𝑥𝑖 , 𝑥 𝑗 ) = ⟨𝜙 (𝑥𝑖 ), 𝜙 (𝑥 𝑗 )⟩H , which implic-

itly maps data into a high-dimensional Hilbert space H via 𝜙 :

R𝑑 → H . We denote the data representation in this space as

Φ = [𝜙 (𝑥1), . . . , 𝜙 (𝑥𝑛)]. The geometry of this space is captured

by the kernel matrix 𝐾 ∈ R𝑛×𝑛
, where 𝐾𝑖 𝑗 = 𝑘 (𝑥𝑖 , 𝑥 𝑗 ).

In this induced space, the squared Euclidean distance between

two samples is given by:

𝑑2H (𝑥𝑖 , 𝑥 𝑗 ) = ∥𝜙 (𝑥𝑖 ) − 𝜙 (𝑥 𝑗 )∥
2

H = 𝐾𝑖𝑖 + 𝐾 𝑗 𝑗 − 2𝐾𝑖 𝑗 . (1)

This distance relies solely on the pre-defined kernel 𝐾 and acts

as the baseline geometry before learning.

Standard KDML seeks to adapt this baseline geometry. A general-

ized Mahalanobis metric inH is defined by a positive semidefinite

operator𝑀 ⪰ 0. The generalized distance is:

𝑑2𝑀 (𝑥𝑖 , 𝑥 𝑗 ) = ⟨𝜙 (𝑥𝑖 ) − 𝜙 (𝑥 𝑗 ), 𝑀 (𝜙 (𝑥𝑖 ) − 𝜙 (𝑥 𝑗 ))⟩H . (2)

Since any valid metric adaptation in the RKHS is intimately

tied to the sample span, the operator 𝑀 is typically parameterized

via a kernel-level transformation, and then downstream tasks are

performed under the adapted geometry.

2.2 The Global Optimization Bottleneck
Most KDML methods learn a global deformation of the RKHS ge-

ometry by optimizing a full-capacity PSD operator. This approach

introduces two fundamental limitations:

1. Computational and memory scaling dominated by 𝑛. A
global RKHS metric typically requires manipulating kernel-level

matrices (via inversion, eigendecomposition, or matrix functions),

leading to quadratic memory O(𝑛2) and time complexity that is

cubic O(𝑛3) in the worst case. Therefore, the optimization cost is

governed by the dataset size 𝑛, rather than the supervision size

|M| + |C| that actually drives the learning signal.

2. Cost-capacitymismatch under sparse supervision.Global
KDML deforms the geometry everywhere in the RKHS, even in

regions devoid of constraints. When supervision is sparse, such

holistic deformations can overfit to a small set of pairs, uninten-

tionally distorting the intrinsic structure of the data and harming

interpretability.

Below, we categorize representative global KDML strategies and

explain how they suffer from these bottlenecks.

2.2.1 Iterative Global Solvers (LogDet, Dual Programs). This cat-
egory includes methods that solve for the kernel transformation

via iterative optimization techniques. Bregman Projections: Ap-
proaches such as [2, 13] minimize a LogDet divergence subject

to constraints. They update the kernel via iterative projections.

While flexible, the process repeatedly operates on 𝑛 × 𝑛 matrices,

becoming expensive when 𝑛 is large or constraints are conflicting.

Dual Convex Programs: Methods like the kernel metric learning

for supervised 𝑘-means [22] formulate a global convex program

and solve it via Lagrange duality. Although the dual form can be

more efficient than generic PSD optimization, the solution remains

a global operator in the RKHS sample span, inheriting the O(𝑛2)
memory footprint.

2.2.2 Direct Matrix Solvers (Statistical, Geometric, and Spectral).
These methods avoid iterative loops by deriving an analytic or spec-

tral solution. However, they invariably rely on expensive matrix

operations (inversion, square root, or eigendecomposition) on the

full 𝑛×𝑛 kernel matrix.Distributional Divergence :Methods like

[24] and [23] maximize the separability between constraint-induced

distributions. They derive closed-form metrics involving the differ-

ence of inverse covariance matrices, incurring a fixed O(𝑛3) cost for
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inversion. Riemannian Geometry: Kernel GMML [9] computes

the metric as a geometric mean on the SPD manifold. This requires

expensive matrix functions (square roots, logarithms) of size 𝑛 × 𝑛.
Discriminative Scatter: Recent discriminative methods like [35]

maximize a trace ratio of between-class to within-class scatter. In

the kernel setting, this results in a generalized eigenproblem of size

𝑛 × 𝑛, inheriting global scaling costs.

Whether iterative or direct, all these approaches are dominated

by manipulating full 𝑛 × 𝑛 kernel objects. This yields unfavorable

scaling and a structural mismatch between global capacity and local

supervision. These limitations motivate the proposed CAST frame-

work, which restricts adaptation to a low-dimensional subspace

strictly induced by supervision.

2.3 Relation to Low-rank Kernel
Approximation

Low-rank kernel approximation methods, such as Nyström [7]

sampling and random feature expansions [6, 19], primarily act at the

kernel construction stage: they approximate the kernel-induced

representation to reduce the cost of forming, storing, or multiplying

the baseline kernel matrix 𝐾 [8, 27]. In contrast, KDML targets

the kernel metric adaptation stage, where a data-dependent

geometric deformation (often expressed as a kernel-level operator)

is learned from supervision.

These two directions are complementary rather than competing.

A low-rank approximation of 𝐾 can reduce shared kernel overhead

and can be used as input to a KDML method. However, kernel

approximation alone does not address the cost-capacity mismatch
of global KDML under sparse constraints, where the optimization

still targets a global transformationwith degrees of freedom coupled

to 𝑛.

In this work, we address this bottleneck by restricting the admis-

sible metric adaptation to a supervision-induced subspace, thereby

tying the learnable degrees of freedom to the constraint evidence

rather than to the dataset size.

3 Constraint-Aligned Subspace Metric
Adaptation

As illustrated in Fig. 1, the proposed CAST framework learns a

metric by operating within a constraint-defined low-rank subspace.

Strategically scaling the subspace to satisfy constraints causes the

transformation of feature space, resulting in the learned metric.

The following section provides a detailed introduction to the math-

ematical formulas of the CAST framework.

3.1 Constraint-Aligned Scaling Transformation
We derive the proposed Constraint-Aligned Subspace Transforma-

tion (CAST) from a structural requirement: the learned representa-

tion correction should act only on directions supported by pairwise

constraints, and remain an identity mapping elsewhere.

Constraint-induced subspace. For each constrained pair (𝑖, 𝑗),
define the indicator difference vector 𝑧𝑖 𝑗 = 𝑒𝑖 − 𝑒 𝑗 ∈ R𝑛

. We

collect these into the indicator matrices 𝑍M = [𝑧𝑖 𝑗 ] (𝑖, 𝑗 ) ∈M and

𝑍C = [𝑧𝑖 𝑗 ] (𝑖, 𝑗 ) ∈C , forming the full constraint matrix:

𝑍 = [𝑍M , 𝑍C] ∈ R𝑛×𝑚, 𝑚 = |M| + |C|. (3)

In the RKHSH , each pair induces a difference vector 𝑣𝑖 𝑗 = 𝜙 (𝑥𝑖 ) −
𝜙 (𝑥 𝑗 ) = Φ𝑧𝑖 𝑗 . The collection of all such vectors forms the constraint

directions 𝑉 = Φ𝑍 , spanning the subspace:

U = span(𝑉 ) ⊆ H . (4)

Design principle: identity outside constraint evidence. We enforce

the restriction that the operator 𝑄 acts as the identity on the or-

thogonal complement of the constraint subspace:

𝑄𝑢 = 𝑢, ∀𝑢 ∈ U⊥ . (5)

Lemma 3.1 (A constraint-supported update family). LetU =

span(𝑉 ). Any operator of the form

𝑄 = 𝐼 −𝑉𝐴𝑉⊤, (6)

for some matrix 𝐴 ∈ R𝑚×𝑚 , satisfies (5).

Proof. For any 𝑢 ∈ U⊥, we have 𝑉⊤𝑢 = 0. Thus,

(𝐼 −𝑉𝐴𝑉⊤)𝑢 = 𝑢 −𝑉𝐴(𝑉⊤𝑢) = 𝑢 − 0 = 𝑢.

□

Orthonormalizing constraint directions. To eliminate redundancy

caused by correlated constraints, we work in the orthogonal coor-

dinates of the constraint Gram matrix:

𝐺 =𝑉⊤𝑉 = 𝑍⊤𝐾𝑍 =𝑈Λ𝑈 ⊤ . (7)

Let 𝑈+ ∈ R𝑚×𝑟
collect eigenvectors for the 𝑟 = rank(𝐺) non-zero

eigenvalues, and Λ+ ∈ R𝑟×𝑟
be the corresponding diagonal matrix.

Lemma 3.2 (Rank-𝑟 reduction and CAST parameterization).

Restricting 𝑄 to the family (6), we can parameterize 𝐴 =𝑈+𝐵𝑈 ⊤+ for
some 𝐵 ∈ R𝑟×𝑟 , yielding

𝑄 = 𝐼 −𝑉𝑈+𝐵𝑈 ⊤+𝑉⊤ . (8)

In CAST, we restrict 𝐵 to be diagonal, 𝐵 = Θ = diag(𝜃1, . . . , 𝜃𝑟 ),
resulting in:

𝑄 (Θ) = 𝐼 −𝑉𝑈+Θ𝑈 ⊤+𝑉⊤ . (9)

Proof. Let 𝑈0 span the nullspace of 𝑉⊤𝑉 . Since 𝑉⊤𝑉𝑈0 = 0,

it follows that 𝑉𝑈0 = 0. Thus, any component of 𝐴 involving 𝑈0

vanishes in the product 𝑉𝐴𝑉⊤. We strictly parameterize the active

component 𝐵 on the range of 𝑈+. CAST further restricts 𝐵 to a

diagonal Θ to perform axis-aligned scaling in the orthogonalized

coordinate system, reducing degrees of freedom to 𝑟 . □

3.2 Distance Modeling
The transformation 𝑄 (Θ) induces a valid PSD metric operator

𝑀 (Θ) = 𝑄 (Θ)⊤𝑄 (Θ). This metric decomposes into a fixed pro-

jection and a learnable subspace term.

Lemma 3.3 (Projection special case). Setting Θ = Λ−1+ reduces
𝑄 (Θ) to the orthogonal projector 𝑃𝑉 ontoU⊥:

𝑃𝑉 = 𝐼 −𝑉𝑈+Λ−1+ 𝑈 ⊤+𝑉⊤ = 𝐼 −𝑉 (𝑉⊤𝑉 )†𝑉⊤ . (10)

Proof. Substituting Θ = Λ−1+ and using (𝑉⊤𝑉 )† = 𝑈+Λ−1+ 𝑈
⊤
+

yields the standard projector form. By definition, 𝑃𝑉𝑉 = 0. □

Corollary 3.4. For any constrained pair (𝑖, 𝑗), the difference vec-
tor 𝑣𝑖 𝑗 ∈ U satisfies 𝑃𝑉 𝑣𝑖 𝑗 = 0.
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Figure 1: Illustration of the CAST framework for metric learning. The process first identifies a low-rank constraint-induced
subspace, with which the CAST operator 𝑄 (Θ) is defined (Eq. 9). Scaling this subspace to enforce all constraints corresponds to
learning a Θ; applying this learned transformation 𝑄 (Θ) yields the final learned metric.

Lemma 3.5 (Decomposition of 𝑀 (Θ)). Let 𝑓 (Θ) = Λ+
(
Θ −

Λ−1+
)
2 ⪰ 0. The induced metric decomposes as:

𝑀 (Θ) = 𝑃𝑉 + 𝑀U (Θ), (11)

where𝑀U (Θ) :=𝑉𝑈+ 𝑓 (Θ)𝑈 ⊤+𝑉⊤.

Proof. Expanding 𝑄 (Θ)⊤𝑄 (Θ) and using 𝑈 ⊤+𝑉
⊤𝑉𝑈+ = Λ+:

𝑄 (Θ)⊤𝑄 (Θ) = 𝐼 − 2𝑉𝑈+Θ𝑈 ⊤+𝑉⊤ +𝑉𝑈+Θ(Λ+)Θ𝑈 ⊤+𝑉⊤

= 𝐼 +𝑉𝑈+ (ΘΛ+Θ − 2Θ)𝑈 ⊤+𝑉⊤ . (12)

Completing the square elementwise, ΘΛ+Θ−2Θ = Λ+ (Θ−Λ−1+ )2−
Λ−1+ . Substituting this back yields 𝑃𝑉 +𝑉𝑈+ 𝑓 (Θ)𝑈 ⊤+𝑉⊤. □

Crucially, for any constrained pair, the contribution of 𝑃𝑉 van-

ishes. The distance depends solely on the subspace metric:

𝑑2
𝑀 (Θ) (𝑥𝑖 , 𝑥 𝑗 ) = ⟨𝑣𝑖 𝑗 , 𝑀U (Θ)𝑣𝑖 𝑗 ⟩. (13)

3.3 Subspace Metric Learning via Linear
Programming

We formulate the learning problem directly over the weights of

the constraint-aligned metric𝑀U (Θ). Let𝑤 ∈ R𝑟
≥0 be the diagonal

elements of 𝑓 (Θ). The squared distance in Eq. (13) becomes linear

in𝑤 :

𝑑2𝑖 𝑗 (𝑤) = ⟨𝑣𝑖 𝑗 ,𝑉𝑈+diag(𝑤)𝑈 ⊤+𝑉⊤𝑣𝑖 𝑗 ⟩

=

𝑟∑︁
𝑘=1

𝑤𝑘

(
𝑢⊤
𝑘
𝑍⊤𝐾𝑧𝑖 𝑗

)
2︸          ︷︷          ︸

𝑎𝑖 𝑗,𝑘

. (14)

The coefficients 𝑎𝑖 𝑗,𝑘 are fully kernelized, depending only on 𝐾 and

constraint indicators. This allows us to formulate the optimization

4827



Constraint-Aligned Subspace Transformation for Scalable Kernel Metric Learning in Clustering KDD ’26, August 09–13, 2026, Jeju Island, Republic of Korea

Algorithm 1 CAST-LP

Require: Kernel 𝐾 ∈ R𝑛×𝑛
, Indicators 𝑍M , 𝑍C .

Ensure: Implicit params 𝐵 ∈ R𝑛×𝑟 , 𝐷 ∈ R𝑟×𝑟
.

1. Construct Constraint Basis
1: Form 𝑍 ← [𝑍M , 𝑍C] ∈ R𝑛×𝑚

2: 𝐺 ← 𝑍⊤𝐾𝑍
2. Subspace Identification

3: [𝑈 ,Λ] ← eig(𝐺)
4: Extract 𝑟 components 𝑈+,Λ+ where Λ𝑘𝑘 > 𝜖 (Emperically,

1 × 10−6 works well)
3. Compute LP Coefficients

5: Initialize 𝐴𝐿𝑃 ∈ R𝑚×𝑟

6: for 𝑝 ← 1 to𝑚 do
7: 𝑔𝑝 ← 𝐺:,𝑝

8: 𝑦𝑝 ← 𝑈 ⊤+ 𝑔𝑝
9: 𝐴𝐿𝑃 [𝑝, :] ← 𝑦𝑝 ⊙ 𝑦𝑝
10: end for

4. Solve Optimization
11: 𝑐 ← 𝐴𝐿𝑃 [1 : |M|, :]⊤1
12: Define constraints for C using 𝐴𝐿𝑃

13: 𝑤 ← solve_LP(𝑐, constraints)
5. Output

14: 𝐵 ← 𝐾𝑍𝑈+
15: 𝐷 ← diag(𝑤) − Λ−1+
16: return 𝐵, 𝐷

as a standard Linear Program (LP):

min

𝑤∈R𝑟≥0

∑︁
(𝑖, 𝑗 ) ∈M

𝑑2𝑖 𝑗 (𝑤)

s.t. 𝑑2𝑖 𝑗 (𝑤) ≥ 1, ∀(𝑖, 𝑗) ∈ C.
(15)

This LP formulation reduces the optimization variables to the in-

trinsic rank 𝑟 , so the optimization stage scales with 𝑟 , and admits a

globally optimal solution.

3.4 Efficient Distance Evaluation
Explicitly updating the 𝑛 × 𝑛 kernel matrix is unnecessary. The

updated kernel 𝐾 ′ admits a low-rank correction form:

𝐾 ′ = 𝐾 + 𝐵𝐷𝐵⊤, (16)

where 𝐵 = 𝐾𝑍𝑈+ ∈ R𝑛×𝑟
and 𝐷 = diag(𝑤) − Λ−1+ .

The squared distance for any pair (𝑖, 𝑗) can be computed on

demand in O(𝑟 ) time:

𝑑 ′2 (𝑖, 𝑗) =
(
𝐾𝑖𝑖 + 𝐾 𝑗 𝑗 − 2𝐾𝑖 𝑗

)︸                 ︷︷                 ︸
original distance

+
𝑟∑︁

𝑘=1

𝐷𝑘𝑘 (𝑏𝑖𝑘 − 𝑏 𝑗𝑘 )2︸                   ︷︷                   ︸
rank-𝑟 correction

,

where 𝑏𝑖 , 𝑏 𝑗 are rows of 𝐵. This implicit evaluation significantly

reduces memory overhead from O(𝑛2) to O(𝑛𝑟 ).

3.5 Complexity and scalability analysis
We analyze the computational efficiency of CAST-LP as presented

in Algorithm 1, distinguishing between the preparation phase, the
learning phase, and the inference phase. Table 1 summarizes these

costs compared to standard global kernel DML (See section 2.2).

Preparation and Subspace Construction. Steps 1 and 2 involve

constructing the constraint geometry. While global kernel methods

typically operate on the full𝑛×𝑛 kernel matrix𝐾 , CAST-LP operates

on the projected constraint Grammatrix𝐺 = 𝑍⊤𝐾𝑍 ∈ R𝑚×𝑚
. Since

the indicator matrix 𝑍 is sparse (two non-zeros per column), each

entry 𝐺𝑝𝑞 = 𝑧⊤𝑝 𝐾𝑧𝑞 is computed using only constant-time kernel

lookups. Thus, building 𝐺 costs O(𝑚2) when 𝐾 is accessible. The

eigendecomposition of 𝐺 (Step 2) depends only on the number

of constraints, costing O(𝑚3). Crucially, since𝑚 ≪ 𝑛 in weakly

supervised settings, this step is negligible compared to the O(𝑛3)
cost of full kernel operations or global spectral methods.

LP Optimization. Steps 3 and 4 constitute the learning phase.

Calculating the coefficients 𝐴𝐿𝑃 (Step 3) is efficient because we

reuse the columns of 𝐺 . For each of the𝑚 constraints, we project a

vector of size𝑚 onto the 𝑟 -dimensional subspace, costing O(𝑚2𝑟 )
total. The optimization in Step 4 is a Linear Programwith 𝑟 variables

and |C| inequality constraints. Given that 𝑟 ≤ 𝑚, the complexity

is polynomial in𝑚, which is significantly faster than the iterative

Semidefinite Programming (SDP) or gradient descent required by

methods that learn a full 𝑛 × 𝑛 transformation matrix.

Implicit Inference. Step 5 and the subsequent distance evaluation

(Section 3.4) highlight the memory advantage. Instead of storing a

dense update matrix (𝑛2 entries), CAST stores the low-rank basis

𝐵 ∈ R𝑛×𝑟
and diagonal 𝐷 ∈ R𝑟

. This reduces space complexity

from O(𝑛2) to O(𝑛𝑟 ). Furthermore, evaluating a learned distance

using the implicit formula requires only O(𝑟 ) operations per pair,
enabling fast retrieval and clustering applications.

4 Experimental Setup
We evaluate the proposed method on diverse benchmark datasets

covering multiple application purposes and clustering regimes. We

provide the implementation and experimental details via an anony-

mous link.

4.1 Datasets
Image related datasets.We include COIL20 [21], YaleFace [11, 17],

as well as Scene from UCI [3]. We use pixel representations for the

image datasets to enable a clear and controlled comparison among

kernel metric learning methods under the same input representa-

tion.

Text-related datasets. We consider 20Newsgroups and Cnae9

from UCI [3]. For 20Newsgroups, documents are vectorized using

TF-IDF features. Cnae9 contains company business descriptions

across nine categories; it is preprocessed by retaining letters only,

removing function words, normalizing words to canonical forms,

and converting documents into frequency-based vectors. We also

include Spambase from UCI [3], which originates from email spam

filtering. It consists of frequency and statistics-based attributes

extracted from email content.

Other tabular datasets. We further include kr-vs-kp, Gina-

agnostic, and HAR [3]. These datasets cover binary and multi-

class scenarios with low- to medium-dimensional feature vectors

collected from diverse scientific scenarios.

Preprocessing andnormalization. For raw-pixel image datasets,

we rescale pixel intensities to [0, 1]. For numeric feature datasets
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Table 1: Complexity comparison (𝑛: samples,𝑚: constraints, 𝑟 : subspace rank, 𝑇 : iterations). Note that 𝑟 ≤𝑚 ≪ 𝑛.

Operation Global Kernel DML CAST (Ours)

Preprocessing O(𝑛3) (Full Decomp) O(𝑚2) (Constraint Gram)

Optimization O(𝑇 · 𝑛2) (SDP/Grad) O(poly(𝑚)) (LP)
Space cost O(𝑛2) O(𝑛𝑟 )
Inference/Pair O(𝑛) O(𝑟 )

(including Scene, SatelliteImage, and the tabular datasets), we ap-

ply per-feature z-score standardization. For text datasets, we use

TF-IDF representations with ℓ2 normalization.

4.2 Compared methods
Kernel distance metric learning (kernel DML).We include sev-

eral kernel DML baselines that learn a data-dependent kernel metric

from supervision: (i) SKMS [2, 13], which learns a supervision-

adapted kernel via an iterative Bregman-projection procedure; (ii)

kDMLMJ [24], which learns a kernel metric by maximizing the

Jeffrey divergence; (iii) kKISSME [23], a kernel extension of KISSME

[15] using pairwise constraints; (iv) kDML-SKM [22], which per-

forms kernel-based metric learning tailored for supervised 𝑘-means

clustering; (v) kGMML [9], a kernelized variant of geometric mean

metric learning [34]; (vi) kDML-CG, which kernelizes the class-

center guided Mahalanobis metric learned by DML-CG [35] to

obtain a supervision-adapted kernel metric.

Joint multi-kernel update and clustering. As the only excep-

tion to the above two-stage pipeline, we include CCMKL [5], which

jointly performs multiple kernel update and constrained cluster-

ing (with kernel 𝑘-means used within the joint optimization). This

baseline is closely related to our setting in that it integrates kernel

adaptation with clustering under pairwise constraints.

Reference baselines. Where applicable, we also report results

of kernel 𝑘-means using the initial kernel (without kernel adapta-

tion) to quantify the gain brought by learning.

4.3 Pairwise constraint generation
We adopt a standard semi-supervised setting where supervision

is provided as pairwise must-link and cannot-link constraints. For

each dataset and trial, we sample a labeled subsetL of size𝑚 = ⌊𝑝𝑛⌋
(with 𝑝 ∈ (0, 1) and 𝑛 the dataset size) using stratified sampling;

whenever feasible, L contains at least one instance from each class.

Ground-truth labels are used only to form constraints and to evalu-

ate clustering quality.

From the labeled subset, we generate a balanced constraint set

of total size𝑚. Must-link constraintsM are formed by uniformly

sampling labeled pairs (𝑖, 𝑗) ∈ L × L with 𝑦𝑖 = 𝑦 𝑗 , while cannot-

link constraints C are formed by uniformly sampling labeled pairs

with 𝑦𝑖 ≠ 𝑦 𝑗 , with |M| = |C| =𝑚/2.

4.4 Implementation details and hyperparameter
tuning

Kernel construction and initialization.We use the exact RBF

kernel to keep the kernel construction stage fixed across methods

and isolate differences in the kernel metric learning (adaptation)

stage. Kernel approximation, such as Nyström or Random Fourier

Features (RFF) is complementary and can be integrated on top of

CAST, but is outside the scope of this study. For a fair comparison,

all kernel-based methods start from the same initial RBF kernel K
constructed from the preprocessed data (Section 4.1). Specifically,

given feature vectors {𝑥𝑖 }𝑛𝑖=1, we compute

𝐾𝑖 𝑗 = exp

(
−
∥𝑥𝑖 − 𝑥 𝑗 ∥22

2𝜎2

)
. (17)

The bandwidth 𝜎 is selected from a broad candidate range using

only the pairwise constraints in each trial: for each candidate 𝜎 , we

first rescale distances so that the minimum cannot-link distance

equals 1, and then choose the 𝜎 that yields the smallest sum of

distances over must-link pairs while maintaining cannot-link sep-

aration. This procedure provides a shared and constraint-aware

kernel initialization for all kernel-based baselines.

Hyperparameter tuning protocol. Hyperparameters of all

compared methods are selected using only the supervision available

in each trial (i.e., the labeled subset and generated constraints),

without using ground-truth class labels beyond evaluation. For

each method, we perform a grid search over the recommended

ranges in the original papers, and select the configuration that

optimizes a constraint-based validation criterion computed on a

held-out subset of the generated pairwise constraints. The final

clustering results are then reported on the full dataset using the

selected configuration.

CCMKL requires a set of candidate kernels as input. To keep the

comparison controlled and to avoid introducing additional kernel

families, we construct a small kernel set by varying the RBF band-

width around the selected default 𝜎0: 𝜎 ∈ {0.5𝜎0, 𝜎0, 2𝜎0, 4𝜎0},
where 𝜎0 denotes the bandwidth chosen by the shared initialization

strategy above. CCMKL is then tuned using the same constraint-

only protocol as other methods.

LP solver choice. The LP in Step 4 (Algorithm 1) is solved using

SciPy linprog. We use interior-point by default. An ablation

across four linprog solvers on controlled synthetic regimes shows

that solver choice yields nearly identical optima (objective ranges

near numerical precision) while affecting runtime by up to orders

of magnitude; details are reported in Appendix A.

In this study, all computational experiments were conducted on

a system equipped with an AMD R9 7940HX processor and 64 GB

of RAM.

5 Experimental Results
We compare all methods under different supervision levels 𝑝 . Given

a specific 𝑝 (Section 4.3), each method learns an adapted kernel (or

an equivalent kernel-induced distance). Unless otherwise stated, we

4829



Constraint-Aligned Subspace Transformation for Scalable Kernel Metric Learning in Clustering KDD ’26, August 09–13, 2026, Jeju Island, Republic of Korea

Figure 2: Comparison of clustering performance measured by ARI across 9 datasets. Each plot depicts the clustering results
obtained by running k-means with learned kernel metrics for each dataset. The x-axis represents the supervision level 𝑝, while
the y-axis displays the corresponding ARI scores. k-kmeans represents the plain kernel kmeans without kernel learning.
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then apply the same downstream clustering procedure, i.e., kernel 𝑘-

means, using the learned kernel as input (or equivalently, 𝑘-means

using the kernel-induced metric). The only exception is CCMKL,

which jointly performs kernel learning and constrained clustering

within a unified optimization process. For each labeled fraction 𝑝 ,

we repeat the sampling and constraint generation process for 20

trials. All reported results are averaged over the 20 trial.

5.1 Clustering performance
Clustering quality is evaluated by comparing the predicted clus-

ter assignments with the ground-truth class labels using standard

external measures: adjusted Rand index (ARI) [29] and clustering

accuracy (ACC) [10]. ARI evaluates pairwise agreement while cor-

recting for chance, while ACC is computed after aligning cluster

indices with class labels using the Hungarian algorithm. The results

of ACC are provided in the Appendix (see Fig. 3).

Fig. 2 and 3 summarize clustering performance across 9 datasets

as the supervision level increases. Overall, CAST-LP achieves the

most consistent improvement trend and ranks among the top meth-

ods on the majority of datasets in both ARI and ACC. This behavior

matches the design goal of CAST-LP: instead of learning an un-

restricted kernel transformation with high risk of overfitting, it

performs a targeted, constraint-aligned kernel adaptation in a low-

dimensional supervision-induced subspace, which preserves the

original geometry outside the constraint-supported directions.

Image datasets. On COIL20 and YaleFace, CAST-LP shows clear

andmonotonic gains as more constraints are provided, and achieves

the highest ARI (ACC) at medium-to-high supervision.

On Scene, CAST-LP exhibits particularly strong gains: it rapidly

improves with limited supervision and remains the best performer

across most supervision levels, suggesting that constraint-aligned

scaling is effective at correcting structural mismatch in these datasets.

Text datasets. On 20Newsgroups, Cnae9 and Spambase, CAST-

LP consistently improves with supervision and achieves the highest

final ARI (ACC) among compared approaches. The advantage is

most pronounced in ARI, indicating better pairwise consistency

of assignments, which is aligned with the fact that the learning

objective is driven directly by pairwise constraints.

Other datasets. On kr-vs-kp, CAST-LP yields the strongest

improvement curves and achieves the best overall performance,

especially under moderate-to-high supervision. On Gina-agnostic,

CAST-LP remains competitive and matches the top performance at

higher supervision. On HAR, CAST-LP performs on par with the

best method and remains consistently strong across supervision

levels.

Across diverse regimes (image, text, and tabular data), CAST-

LP demonstrates a robust trend: performance improves smoothly

as supervision increases, while remaining competitive with the

strongest kernel DML baselines.

5.2 Runtime comparison and practical
scalability

To evaluate practical efficiency, we report only the runtime of the

kernel learning stage, corresponding to the steps of Algorithm 1. Ker-

nel construction and downstream clustering are excluded, as these

steps are shared across all methods in our experimental framework

and are not affected by the learning formulation. This separation

ensures that the empirical results directly reflect the complexity

analysis in Section 3.5 and highlight the efficiency gains of the

CAST-LP framework.

Table 2 reports the optimization runtime under three super-

vision levels (1%, 10%, 20%). Across all datasets and supervision

ratios, CAST-LP is consistently the fastest method. On small and

medium-sized datasets such as COIL20, YaleFace, and Cnae9, the

optimization completes within a few hundredths of a second. On

larger datasets, HAR and 20Newsgroups, CAST-LP remains efficient,

while competing kernel DML methods incur substantially higher

costs, often exceeding CAST-LP by several orders of magnitude

depending on the supervision level.

Under the sparsest supervision regime (1%), CAST-LP achieves

substantial speedups even against the fastest competitor: the speedup

ranges from 33× on Cnae9 to 259× on kr-vs-kp (see the Speedup
(Min/Max) row). Similar gaps hold on other datasets, e.g., 59× on

COIL20, 109× on YaleFace and 83× on 20Newsgroups. As supervi-

sion increases, the absolute runtime of CAST-LP grows monotoni-

cally on every dataset (e.g., from 0.46 s to 48.06 s on HAR, and from

2.31 s to 83.87 s on 20Newsgroups when moving from 1% to 20%),

which is expected because our protocol increases the constraint

budget with the labeled fraction (Section 4.3). Nevertheless, CAST-

LP remains below all competitors across the entire supervision

range, and the advantage remains substantial at 20% supervision

(e.g., 8× on 20Newsgroups, and 3× on HAR; see Table 2).

Notably, these gains are obtained while using the same down-

stream clustering procedure and the same kernel initialization as

all baselines, indicating that the runtime advantage is attributable

to the CAST-LP learning formulation rather than shared overhead.

The results validate the core claim of CAST-LP: the kernel learn-

ing stage scales primarily with the supervision budget (constraint

volume) rather than the dataset size. In contrast, most kernel DML

baselines optimize global kernel-level objectives whose cost scales

with 𝑛 or 𝑛2, which explains their rapidly increasing runtime on

larger datasets (e.g., HAR and 20Newsgroups). The results also

points to a practical limitation: CAST-LP’s advantage may narrow

not because of 𝑛, but because the supervision-driven subspace itself

grows.

Overall, CAST-LP achieves a favorable balance between expres-

siveness and computational cost: by confining metric adaptation

to a constraint-induced subspace and solving for globally optimal

weights via LP, it delivers strong practical speedups under limited

supervision while maintaining competitive clustering performance.

6 Conclusion and Future Work
In this work, we presented CAST, a geometrically motivated ap-

proach to semi-supervised clustering that addresses the computa-

tional tractability of kernel learning stage. Unlike standard methods

that learn a global transformation of the feature space, CAST op-

erates on the principle of minimal intervention, modifying the

metric only along supervision-induced subspace while preserving

the original manifold structure elsewhere. Theoretical analysis and

empirical results confirm that this targeted adaptation strategy ef-

fectively resolves structural mismatches without the prohibitive

costs associated with full kernel matrix operations. By formulating
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Table 2: Comparison of the runtime of various methods across 9 datasets with different supervision levels (1%, 10%, and 20%).
Speedup (Min/Max) indicates the runtime comparison between the fastest and slowest competitors against CAST-LP.

Datasets COIL20 YaleFace Scene

Supervision Level 1% 10% 20% 1% 10% 20% 1% 10% 20%

CAST-LP 0.02 0.08 0.21 0.03 0.15 0.29 0.02 0.15 0.54
SKMS 7.77 19.40 31.21 49.95 123.69 156.58 28.91 86.32 126.29

kDMLMJ 0.59 0.93 1.38 3.89 5.71 7.87 3.55 4.95 6.61

kKISSME 3.82 8.88 15.05 21.76 57.41 108.08 29.11 56.10 92.07

kDMLSKM 0.93 1.39 2.89 3.51 6.94 14.74 3.65 5.21 11.62

kGMML 1.20 1.40 1.89 5.24 6.30 6.98 4.59 5.87 8.28

kDMLCG 0.89 0.96 1.58 3.28 4.31 6.20 2.47 7.50 11.91

CCMKL 9.25 9.71 10.33 41.18 50.92 57.08 31.02 33.31 33.60

Speedup (Min/Max) 59/925 23/485 9/222 109/1665 28/824 21/539 123/1551 33/575 12/233

Datasets Cnae9 Spambase 20Newsgroups

Supervision Level 1% 10% 20% 1% 10% 20% 1% 10% 20%

CAST-LP 0.01 0.05 0.08 0.09 0.91 3.94 2.31 17.94 83.87
SKMS 3.86 10.72 20.18 147.39 319.06 516.72 3003.63 4958.18 7642.64

kDMLMJ 0.39 0.57 0.83 29.81 32.17 57.65 645.02 662.47 700.34

kKISSME 1.87 6.71 9.05 108.13 264.22 495.93 1538.06 2763.05 6423.96

kDMLSKM 0.50 1.17 1.95 18.89 35.09 68.18 192.22 436.94 932.99

kGMML 0.69 0.82 0.79 38.35 41.92 53.39 657.41 695.99 739.34

kDMLCG 0.33 0.60 0.71 20.63 28.37 38.63 543.50 598.46 673.50

CCMKL 2.57 3.40 4.06 226.16 230.02 266.67 2155.64 2458.15 2575.15

Speedup (Min/Max) 33/386 11/214 8/252 209/2512 31/350 9/131 83/1300 24/276 8/91

Datasets kr-vs-kp Gina-agnostic HAR

Supervision Level 1% 10% 20% 1% 10% 20% 1% 10% 20%

CAST-LP 0.02 0.27 1.19 0.03 0.35 1.48 0.46 8.60 48.06
SKMS 36.58 111.94 187.67 63.47 190.28 318.11 472.12 846.70 1719.61

kDMLMJ 6.76 11.19 20.90 6.11 12.74 14.31 133.05 139.84 151.40

kKISSME 31.75 80.60 129.34 40.65 97.05 153.01 419.00 752.65 1207.25

kDMLSKM 5.19 13.52 25.09 5.06 11.62 20.29 104.99 142.85 161.37

kGMML 12.85 15.05 17.85 9.92 13.35 17.92 119.40 154.32 179.13

kDMLCG 8.26 10.47 12.25 7.62 14.87 15.62 107.40 132.30 155.02

CCMKL 77.41 81.14 119.01 133.38 138.26 142.68 1078.44 1173.56 1246.84

Speedup (Min/Max) 259/3870 38/414 10/157 168/4446 33/354 9/214 228/2344 15/136 3/35

the weight learning as a Linear Program over the intrinsic rank

of the constraint set, CAST achieves deterministic convergence

and practical scalability for large datasets where traditional kernel

methods fail.

To further improve scalability in dense constraint scenarios,

future research could investigate the integration of CAST with

approximation methods like Nyström or Random Features, as well

as the strategic combination of multiple subspaces.
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A Sensitivity Analysis and Ablation Studies on
LP Solver

We analyze the sensitivity to the choice of the LP solver. We con-

ducted a controlled ablation study on three synthetic regimes gen-

erated with make_classification [26].

The regimes are designed to decouple sample size (𝑁 ) from

feature dimensionality (𝐷): (A) a baseline setting with (𝑁, 𝐷) =
(5,000, 100), (B) a high-dimensional settingwith (𝑁, 𝐷) = (5,000, 5,000),
and (C) a larger-sample setting with (𝑁, 𝐷) = (50,000, 100).

All datasets use 𝑛classes = 10 and 𝑛informative = 50 to maintain

comparable class structure across regimes. We vary the supervision

ratio 𝑝 ∈ {0.05, 0.10, 0.15} and solve the resulting standardized LP

using four solvers available through SciPy linprog [31]: revised
simplex, interior-point, highs-ds, and highs-ipm.

For each configuration, we report the mean and standard de-

viation of the wall-clock runtime over 10 trials (different random

seeds), measured for the LP optimization (Step 4 in Algorithm 1).

A.0.1 Runtime sensitivity across regimes. Table 3 summarizes the

runtime results. Two consistent trends emerge.

First, increasing the ambient dimensionality from 𝐷 = 100 to

𝐷 = 5,000 (Dataset A→ B) has a limited effect on LP runtime for the

legacy SciPy solvers: interior-point remains within 4–12ms and

revised simplex within 8–20ms across the tested 𝑝 values. The

HiGHS solvers operate at a higher runtime level in these regimes

(approximately 24–196ms), with runtime increasing as 𝑝 grows.

Second, scaling the sample size by 10× (Dataset A→ C) substan-

tially increases runtime for all solvers, but the magnitude depends

strongly on the solver implementation. The HiGHS solvers exhibit a

pronounced overhead in the large-𝑁 regime, increasing from tens–

hundreds of milliseconds (Datasets A/B) to seconds on Dataset C

(e.g., ≈ 1.8 s at 𝑝 = 0.05 and ≈ 17.1 s at 𝑝 = 0.15). In contrast,

the legacy SciPy solvers remain in the millisecond range: revised
simplex increases from 13.8–19.8ms (Dataset A) to 24.4–39.9ms

(Dataset C), while interior-point increases from 5.2–12.1ms to

36.0–142.1ms.

A.0.2 Numerical consistency of the optimum. To verify that solver

choice affects only efficiency (and not the optimized solution), we

additionally examine the numerical consistency of the final objec-

tive values. Table 3 reports, for each (dataset, 𝑝), the mean objective

value across solvers and the range (max–min) of solver-specific

objective values. The ranges are very small across all settings, from
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Table 3: LP solver performance and numerical consistency on three synthetic regimes (10 trials). Times for LP optimization are
in milliseconds (mean ± std). Objective (Obj) and Range (max–min) demonstrate solver consistency.

Optimization Time (ms) Numerical Consistency
Dataset 𝒑 revised simplex interior-point HiGHS-DS HiGHS-IPM Obj Obj. Range

A: Baseline

(5k, 100)

0.05 13.75±1.37 5.17±0.91 23.83±2.10 24.82±3.62 125.22 6.0 × 10−6
0.10 19.01±2.19 8.64±0.84 96.19±9.14 87.21±3.86 23.11 2.0 × 10−6
0.15 19.75±1.48 12.14±1.92 190.69±12.11 172.48±1.69 12.41 3.0 × 10−6

B: High 𝐷

(5k, 5k)

0.05 7.83±0.73 4.17±1.14 26.84±3.43 26.19±4.60 2.55 0.0

0.10 8.70±1.98 6.06±0.54 82.50±1.65 87.50±3.49 1.13 0.0

0.15 9.27±1.63 8.09±1.08 195.59±12.37 173.81±3.18 0.87 0.0

C: Large 𝑁

(50k, 100)

0.05 24.42±2.27 36.04±4.71 1839.28±7.95 1822.80±8.90 4.37 8.0 × 10−5
0.10 32.03±3.64 87.48±7.18 7518.02±37.68 7478.50±42.66 2.83 3.56 × 10−4
0.15 39.89±6.90 142.05±13.87 17067.62±51.22 17071.82±42.83 2.12 2.36 × 10−3

exactly zero in Dataset B to at most 2.361×10−3 in the largest regime

(Dataset C, 𝑝 = 0.15). This indicates that all solvers converge to

essentially the same optimum up to numerical precision, and the ob-

served differences are attributable to runtime and implementation

overhead rather than solution quality.

Across the baseline and high-dimensional regimes (Datasets A

and B), interior-point is consistently the fastest solver. In the

large-𝑁 regime (Dataset C), revised simplex becomes faster

than interior-point, while both remain orders of magnitude

faster than the HiGHS solvers. Based on these results, we use

interior-point as the default solver, and switch to revised simplex
when the constraint volume becomes large, to keep the LP stage

computationally negligible relative to shared costs such as kernel

construction and downstream clustering.

B ACC performance
Fig. 3 reports the clustering performance evaluated by ACC.
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Figure 3: Comparison of clustering performance measured by ACC across 9 datasets. Each plot depicts the clustering results
obtained by running k-means with learned kernel metrics for each dataset. The x-axis represents the supervision level 𝑝, while
the y-axis displays the corresponding ACC scores.
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